Generalized Spectral Tests for High Dimensional Multivariate

Martingale Difference Hypotheses

Xuexin Wang

School of Economics and WISE

Xiamen University, China

Abstract

This study proposes new generalized spectral tests for multivariate Martingale Difference
Hypotheses, especially suitable for high-dimensionality situations. The new tests are based on
the martingale difference divergence covariance (MDD) proposed by Shao and Zhang (2014).
It considers block-wise serial dependence of all lags, therefore, is consistent against general
block-wise nonparametric Pitman’s local alternatives at the parametric rate n~!/2, where n
is the sample size, and free of a user-chosen parameter. In order to cope with the high-
dimensionality in the sense that the dimension of time series is comparable to or even greater
than the sample size, it is pivotal to employ a bias-reduced estimator for each individual MDD
in the test statistic. Monte Carlo simulations reveal that the bias-reduced statistic generally
performs better than its competitors substantially. Moreover, it is robust to heteroskedasticity
of unknown forms and heavy-tails in the data generating processes. We apply our approach
to test the efficient market hypothesis on the US stock market, using data sets on the monthly
and daily data of portfolios sorted by industry. Our test results provide strong evidence against
the efficient market hypothesis with respect to the US stock market at monthly frequency.
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1 Introduction

In dynamic contexts, many economic and financial theories indicate martingale or martingale
difference sequence (MDS) for some economic variables. For example, Hall (1978) demonstrates
that consumption follows a random walk under a dynamic utility optimization situation, which is
a univariate martingale in the sense that the information set only contains historical information
of consumption. The efficient market hypothesis (EMH), developed by Fama (1970), states that,
in an efficient asset market, asset prices always ”fully reflect” available information. Its statistical
implications are associated with martingale or MDS directly. To be specific, suppose there are ¢

assets in a market. Following Fama (1970), an efficient market implies that, for any asset j,
E(Rjt41|®¢) =0,

where Rj;11 = rji41 — E (75,41|Pt), the return at ¢ + 1 in excess of the equilibrium expected
return projected at t, ®; contains fully available information on the market. In aggregate, we
have

E (Rig1|®¢) = 0, (1)

where Ripq1 = (Ri441, - Rq7t+1)'. Without further restrictions on the information set @4, (1) is
not statistically testable. Fama (1970) introduced a weak form of EMH by setting &, = I, =
( ;,R;,l,...)’,l ie.,

E (Ry|l) =0, (2)

which is a multivariate MDS in the sense that the elements in I;, that is, R, Ri_1,..., are g-
dimensional vectors, when ¢ > 1.

Naturally, it is of great interest to check martingale hypotheses or martingale difference hy-
potheses (MDHs) implied by theories. There is a large body of literature on testing (directly or
indirectly) a univariate MDH or a univariate martingale hypothesis. Notably, the variance ratio

test, proposed by Lo and MacKinlay (1988), is popular in finance literature. Further develop-

IThe definition of the information set avoids the measure-theoretic terminology, and emphasizes the dimension-
ality involved. More formally, the information set is the o-field generated by the history information on R:.



ment along this line includes Chow and Denning (1993), Choi (1999), Wright (2000), Chen and
Deo (2006), and Kim (2006), among others. An alternative approach is the Box—Pierce-Ljung
Portmanteau test proposed by Box and Pierce (1970) and Ljung and Box (1978), which tests the
lack of autocorrelations up to some finite lags for a time series sequence. Lobato et al. (2002),
Lobato et al. (2001), Lobato (2001), and Wang and Sun (2020), among others, propose modified
Portmanteau tests, allowing for weaker assumptions. Test statistics allowing for an infinite num-
ber of autocorrelations are proposed by Durlauf (1991), Deo (2000) and Shao (2011), based on
spectral transformation. The tests mentioned above only check the MDH indirectly. Moreover,
they cannot detect nonlinear dependence with zero correlations, which seems to be a common
feature in asset returns. Tests which can detect nonlinear dependence are proposed by Hong
(1999), Dominguez and Lobato (2003), Hong and Lee (2003), Hong and Lee (2005), Kuan and
Lee (2004), and Escanciano and Velasco (2006) (hereafter, EV (2006)), among others. See Escan-
ciano and Lobato (2009) for a comprehensive review of univariate MDH testing. Literature on
testing martingale hypotheses includes Park and Whang (2005), Escanciano (2007) and Phillips
and Jin (2014).

Analysis of high-dimensional time series has gained much attention in recent years, and as
the example of EMH illustrates, it is necessary to check high-dimensional multivariate MDHs
in many scenarios. Hosking (1980) and Li and McLeod (1981) have proposed some tests for
checking white noise of multivariate time series. However, for high-dimensional time series in the
sense that the dimension of time series is comparable to or even greater than the sample size,
the Hosking, Li-McLeod tests, are found to be extremely conservative under the null, leading
to substantial power loss under alternatives, as Li et al. (2019) show. Therefore, it is acutely
required to modify and correct these tools for high-dimensional time series. To this end, Chang
et al. (2017) propose tests for high dimensional white noise with maximum cross-correlations.
Tsay (2020) employs Spearman’s rank correlation and the theory of extreme values to test high
dimensional white noise. Li et al. (2019) propose a test statistic which is the sum of squared
singular values of the sample autocovariance matrices. Its asymptotic distribution is derived via
the random matrix theory. As in the univariate situation, these tests cannot detect nonlinear

dependence in high dimensional time series.



For multivariate tests which can detect nonlinear dependence, the univariate generalized spec-
tral test in EV (2006) can be extended to multivariate situations. Wang et al. (2021) propose a
truncated generalized spectral test for testing multivariate MDHs. However, the theoretical anal-
ysis and Monte Carlo evidence in this study reveal that both tests are also extremely conservative
under the null, leading to substantial power loss under alternatives in the case of high-dimensional
time series. To overcome their limitation, this study proposes new generalized spectral tests for
multivariate MDHs, especially suitable for high-dimensionality situations. The new tests are
based on the martingale difference divergence covariance (MDD) proposed by Shao and Zhang
(2014). It considers block-wise serial dependence of all lags, therefore, is consistent against gen-
eral block-wise nonparametric Pitman’s local alternatives at the parametric rate n=/2, where n
is the sample size, and free of a user-chosen parameter.

We demonstrate rigorously that the nonintegrable weighting function in the construction of
MDD enjoys attractive advantages in multivariate situations, which is strikingly different from
the conventional weighting function, such as the standard normal density function, employed
in EV (2006). First, the nonintegrable weighting function tends to deliver infinite weighting
values in a neighborhood of the origin, which has very important power implications. Second, its
weighting values increase with the dimension of the conditioning set, which lends our proposed
statistic excellent theoretical and empirical properties in high-dimensionality situations.

Further, in order to cope with the high-dimensionality in the sense that the dimension of
time series is comparable to or even greater than the sample size, it is pivotal to employ a
bias-reduced estimator for each individual MDD in the test statistic. On the other hand, the
truncated generalized spectral test of Wang et al. (2021) which is based on the Frobenius norm
of the martingale difference divergence matrix (MDDM) introduced by Lee and Shao (2018) is
not robust to the high-dimensionality. Further, it only consider block-wise serial dependence up
to some finite lags. Therefore, it is not consistent against general block-wise local alternatives,
and a lag term has to be choosen in practice. Monte Carlo simulations reveal that the bias-
reduced test performs substantially better than the truncated spectral test in Wang et al. (2021)
and the multivariate generalization of EV (2006). Moreover, it is robust to heteroskedasticity

of unknown forms and heavy-tails in the data generating processes (DGPs). Using the new



generalized spectral test, we test the EMH on the US stock market. Our data sets are the
monthly and daily data on portfolios sorted by industry. We find strong evidence against the
EMH on the US stock market at monthly frequency.

The remainder of the paper is organized as follows. Section 2 presents the multivariate MDHs
that we focus on and the generalized spectral testing framework. Section 3 first introduces the
nonintegrable weighting function and discusses its theoretical properties, and then presents two
versions of our proposed statistics. We show it is pivotal to employ a bias-reduced estimator for
each individual MDD to cope with the high-dimensionality. Section 4 is devoted to establishing
the asymptotic theory for these statistics. Section 5 proposes a bootstrapping procedure to
approximate the asymptotic distribution of our proposed statistics. Section 6 reports simulation
evidence, while Section 7 presents an empirical application. The last section concludes. All proofs
are presented in the Appendix.

We introduce some notations. For a vector X, X' is its transpose vector. The imaginary unit
i = v/—1. For a complex-valued function f (), its complex conjugate is denoted by f¢(-) and
1F()? = f() fe(). In a Buclidean space, the scalar product of the vectors 7 and ¢ is denoted
by (7,¢). The Euclidean norm of X = (Xi,..., X,) in C9 is || X||, where | X||* = X'X¢. X+ and
X are independent copies of X, that is, X+, X*+, and X are independent and identically

distributed (i.i.d.).

2 Basic setting and testing framework

Let Y = (Yi4,...,Yy:) € RY, ¢t € Z be a g-variate real-valued stationary and ergodic time series,

the information set I; = {¥,Y; ,, }/ We tackle the problem of testing that, almost surely
(a.s),
H}: EY|L,_1] = E(Y}).

Hj is a natural generalization of the univariate MDH. The methodology developed here can be

easily extended to test other types of multivariate MDHs without many modifications. Notably,



we can test an individual element or a subvector of Y; following a martingale difference:
Hbsub* - B [Y%SUb’Itfl} - F (Y;SUb) .a.s., E (}/tsub) c RP

where Y*" is a subsector of V;, p < ¢.

The high dimensionality of H{ or Hg“b* comes from two aspects: one is that I; contains all
the historical information on Y;; the other is the dimension of Y;. This makes the problem of
testing H{ or Hg“b* extremely challenging. To circumvent the difficulty, we focus on testing the

weaker null hypotheses

Hy: EYi|Yi—;l = E(Y;),as. forall j=1,2,.... (3)
Hy : P(EY:|Y—;] # E(Y:)) > 0, for some j,

and

H . B [Yﬁ“bm_j} —E (Yf“b) ,as. forall j=1,2,.... (4)
Hb . P (E {Yf”bm_j} £E (Yf“b)) > 0, for some J.

In other words, in conditioning sets, it is equally important to consider contemporaneous vari-
ables, as these variables are potentially contemporaneously and serially dependent. The widely
accepted argument regarding the necessity of multivariate methods holds in constructing Hy.
Clearly, H implies Ho; thus, a rejection of Hy implies a rejection of Hj. Note that Y;_; still has
a ¢ dimension, which can be quite large.

To test Hyp, we rely on the equivalence between conditional moment restriction and an infinite

number of unconditional moment conditions, i.e., for j = 1,2, ...,
EWY|Y,—;] = E(Y;),as. < E[(Y; — E(Y))exp (i (1,Y;—;))] = 0, for almost all 7 € RY.

Denote

5 (1) = E[(Y: = E(Y2)) exp (i (7, Y2—))]



Define v_; (1) =, () for j = 1,2, .... The Fourier transform of the functions v, (1) is

f(r,7)= o v; (1) exp (—ijk), Vi € [-m, 7], 7 € R%.

j=—00
Note that f (k,7) exists if
sup [|; (7] < oo,
which holds under some proper conditions.
We use a generalized spectral distribution function as in EV (2006), i.e.,

AT b
H\T) =2 [  fls,7)de=n,(r A+2Z ) stnim ).
0

Then, testing Hy is equivalent to testing

H M\ 7)="y(7) A, for all A € [0,1] and 7 € R.

It is pivotal to construct a distance measure between H (A, 7) and v, (7) A such that

1
/ / 1H (A7) — 0 (7) A2 AW (dr)
Re JO

where W (d7) is a proper weighting function. Under some regularity conditions, it is not difficult

to obtain

dT) 5)

/R/ IH (A, 7) = 70 (7) M|* dAW (d7) Zquny] g

It is noted that this measure is a sum of individual distance measures between 7; (1) and 0O,
which involve the weighting function W (dr).
A test statistic for testing Hp can then be constructed based on a sample analog of (5).

Specifically, given a sample {Y;}7, define



with

n—1 .
s _GNR D2 [ e
D=2 OB [ I ol w
n—1

where (n — j) /2 is a rescaling term for [, H%‘ (T)H2 W (d7), which considers the sample size in
computing ¥ (7) to improve the finite sample properties of D2. This representation is convenient
in calculating D? in practice.

Alternatively, define

sin jmA
g

X n—1 .\ 1/2
A=Az (1-2) 5,0
j=1

N\ 1/2
with (1 - %) a finite sample correction term, as in Hong (1999a), and define

~

S = (2)7 (2 0m) 50 (1))

2sin jwA
=3 gy, () V2O
1 I

It can then be shown, after some calculations, that

1
v L]
Ra JO

This representation of D? is useful in deriving asymptotic theory.

~ 2
sg(A,r)H AW (dr).




3 New Test Statistics

It is obvious that the choice of W (7) has crucial implications on the power performance of D2.
The optimal choice of W (-) depends on the true alternative at hand, as pointed out by Epps and
Pulley (1983) in a univariate situation involving empirical characteristic functions. Additionally,
they pointed out three considerations on the choice of W (7). In our scenario, first, W (7) should
assign high weight values where 4; (7) is large under alternatives. Second, W (1) should give high
weighting values around the neighborhood of the origin of 7 , as 4, (7) can be shown to be more
accurately an estimate of ; (7) in this neighborhood. Third, from a practical perspective, it is
important to choose a W (1) to give D2 an analytical form, otherwise, it would be a formidable
task to solve integrals numerically in multivariate situations.

Some weighting functions, which are integrable, have been chosen in previous literature in the
case of ¢ = 1, see, for example, Kuan and Lee (2004) and EV (2006). However, theoretical analysis
and Monte Carlo simulations reveal that generalized spectral tests based on these integrable
weighting functions are not good choices in multivariate situations, as they have extremely poor
finite sample properties in this case: their empirical sizes and powers can be as low as zero for a
moderate ¢, not to mention a higher dimension.

To address this issue, we choose an alternative weighting function, which is nonintegrable,

such that
1
W(r)=—— 6
NPT o
with
rlat+1)/2

“TT(q+1)/2)

(7T 2 -1
In the following, we write [p, ‘m(”gﬂl dr = [z nyj (7‘)H2 w (d7), where w (dr) = (cq ||7'||q+1> dr

cqllT

for notational simplicity. It turns out that [5, [|v; (7) H2 w (d7) is an MDD proposed by Shao and

Zhang (2014), which measures the dependence between Y; and Y;_;. For convenience, we denote

MDD (f¥is) = [ ()P ).

MDD (Y;|Y;—;) has a very convenient analytical form such that



MDD (ilYis) = [ B[= B0 (% = B0 exp (i {rYiey = %)) o (ar)

= —B[Mi- B (% - B W) vy - v ]

where (Y%,Y;—;) and (Y?‘, Y;';) are i.i.d. A natural sample analog for MDD (Y;|Y;—;) in finite

samples is then

MDD, (ViYeey) =~ jg SN [0 ) (Y= ) Wiy~ Vil (@)
k=j+11=j+1

Accordingly, one version of our proposed statistic, which is denoted as M D2, is
n—1
MDY =S s 33 [ Vo) (0 T s il

i (=) k=j+11=j+1

Similarly, the statistic for testing HS“b is

n—1 B , B
MDlu == (i >y [( =T ) (Y = T Y z_jn].
= (=) k=j+1 l=j+1

It is noted that the test statistics proposed by EV (2006) in the univariate situation also en-
joy analytical forms in the multivariate situation, when proper weighting functions are chosen.

Notably, when a multivariate standard normal density function is chosen, their statistic is

n—1
B = s 30 [ T (i o) e (0 Vi)
j= 1(”_3 k=j+11=j+1

However, additional features of (6) stand out, which are strikingly different from the con-
ventional integrable weighting functions and lend our generalized spectral tests excellent finite
sample properties for testing high dimensional multivariate MDHs. One outstanding feature is
that its weighting values go to infinity as ||7|| — 0, which accords perfectly with the second prin-
ciple of Epps and Pulley (1983). By contrast, an integrable weighting function only delivers finite

values in this neighborhood. Figure 1 demonstrates the striking difference between a standard

10



Figure 1: Standard normal density function (dashed curve) vs. 1/(772) (solid curve)

normal density function and (6).
Furthermore, (6) is an increasing function of ¢, which renders our generalized spectral tests
robust to high dimensionality of Y;_;. Note that

(1) =P )

77((1+1)/2
(g — 1!
(2m) 42 |7 | ot

where ¢!! is a double factorial such that

;

q-(q—2)..5-3-1 ¢>0odd

M=9q-(¢q—2)..6-4-2 ¢>0even

1 qg=—-1,0.

\
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By applying an approximation to (¢ — 1)!!, when ¢ > 1 we have

—1 1
e ll7l1att ~c(qg—1)1? e a-D)/2 S
(callrl”™t) =~ eta—1) pRTEmTE

Nc\/5< g—1 )W

Il \2me |7

where ¢ = /7 for ¢ — 1 is even, /2 for ¢ — 1 is odd. It is obvious, for a fixed value ||7|| in a
neighborhood of the origin, that (6) is an increasing function of ¢. On the other hand, for a
g-dimensional standard normal density function, it is a decreasing function of ¢q. Notably, its

q/2

weighting value equals (27)”%“ at the origin, being the maximum. It shrinks to zero quickly
when ¢ increases. Consequently, EVn2 can be very close to zero under the null and alternatives,
even when ¢ is moderate. Therefore EV,? is expected to have poor finite sample properties, when
it comes to high dimensional scenarios.

The nonintegrable weighting function (6) was firstly proposed by Székely et al. (2007). Related
studies includes Székely and Rizzo (2009), Székely and Rizzo (2014), Shao and Zhang (2014),
Davis et al. (2018), Zhang et al. (2018), and Yao et al. (2018), among others, in the statistics
literature. Both Yao et al. (2018) and Davis et al. (2018) apply the distance correlation (variance)
proposed by Székely et al. (2007) to test independence, not MDH, for high dimensional data or
time series data. Zhang et al. (2018) propose a test for a MDH where the dimension of information
set increases with the sample size. Both the testing framework and the test statistic are different
from ours.

The work related closely to our approach is the truncated generalized spectral test proposed

by Wang et al. (2021), which is based on the MDDM proposed by Lee and Shao (2018). To be

specific, denote

MDDM (Yi|Yi;) = /R B [(i— E0) (% = B() exp (i (7, Yiy — V1)) [ ()

)
S 3 [0 Vi) (4 ¥y Wiy — i)

2
L)) k=j+11=j+1

—-E[(vi— E(W) (7" - E(W)’

MDDM, (Y,|Y;—;) =

12



The truncated test of Wang et al. (2021) writes as

~

MDM? (L

n (YY)l g s
J=1

where ||-|| » denotes the Frobenius norm of a matrix. It is noted that it only consider blockwise
serial dependence up to some finite lags. Therefore, it is not consistent against general blockwise

local alternatives.

3.1 A Bias-reduced Statistic Coping with the High-dimensionality

In this subsection, we show why it is pivotal to introduce a bias-reduced statstic, and why the
truncated test of Wang et al. (2021) fails to be robust to the high-dimensionality.

It is noted that (7) is a biased estimator for M DD (Y;|Y;—;). To see this point, denote
1 ) ,
Q] = HYk—j - }/l—]H 7bkl = 5 HYk - le” ak7l =7+ ]-a 7T
It can be shown that (see the proof of Lemma 3.1 for some clues)

MDD, (Y|Y;—j) i Z Z Ajki B
k=j+1l=j+1

where matrices A; and B have (k,[)th entry

Bkl—bkl_iz kl_i Zbkl+ ) Z Zbkh

I=j+1 k J+1 k=j+1l=j+1

Ajpl = ajp — —— E gl — —— E ikl + 2 E E k-

l j+1 k j+1 k=j+11l=j+1
The following Lemma shows that (7) is a biased estimator for MDD (Y;]Y;—;) under some con-

ditions.

13



Lemma 3.1 When {Y;} is i.i.d, and E||Y;|* < 0o, for j =1,....,n — 1,

1 n n
E{——= > Y AuBu|=MDDY|Y, ;) -

(n—j k=j+11=j+1

9e,; + 6c; 8+ 10p. 1
! ]B. ,0]+0( )
n—J

where

aji=FE HYt—j - thj‘

1

5= (% -y ).
1

pj=E (2 |ves = v, | 172 - Yﬁ*HZ) ,

1
oy o= B (5 iy v, I - v

with, (}g,i@_j),(yﬁ,)@tj) and (Yﬁtyttj) are ii.d.

Proof. See the Appendiz. m

Lemma 3.1 demonstrates that there exists a first-order bias term (9¢; + 6c;3 + 10p;) / (n — j)
for (7). It remains a dorminant bias term when it comes to a weakly stationary and ergodic
process. Notably it is an increasing function of ¢, since «j,8,p; and €; all enlarge when ¢
increases. Further, as M D2 consider M DD,, (Y;|Y;—;) up to j = n—1, the bias of MDD,, (Y;|Y;—;)
becomes severe as j increases. Therefore these biases render M D2 poor finite-sample properties
for high-dimensional scenarios.

To address this shortcoming, we employ an alternative estimator for M DD (Y;|Y;—;). Define

matrices Ej and B as having (k,[)th entry

E brr — ﬁ Z?:jJrl bri — ﬁ ZZ:j+1 bt + Wl(nﬂq) ZZ:;’H Zznzjﬂ b k#1
k=

0 k=1

1 n 1 n 1 n n
i ikt = 7=7=5 2almjt1 Gkl — 7=5=5 2ak=jtr1 Gkl t G D) o) dk=j+1 2imj1 Gkt K F L
ikl = :

0 k=1

14



The alternative estimator for MDD (Y;|Y;—;) is

Z Z Ajpi B (8)

n — n —
( ‘7 ‘7 k Jj+11=5+1

Park et al. (2015) has derived that (8) is an unbiased estimator for M DD (Y;|Y;—;) under the

i.i.d condition. By employing this estimator, our statistic becomes

:2 n 3 Gn)? Z Z Ajpi B,

k=j+11=j+1

for n > 4. It is expected that ]%i performs better than MD? for testing high dimensional
multivariate MDSs.

MDM? (L) also suffers from severe bias problem. Notably M DDM,, (Y;|Y;—;) is a ¢ x q
dimensional matrix. In total, there are Lg? terms in M DM? (L), where each term is a biased
estimator for its population counterpart. It is expected that [[M DDM, (Y;|Y;—;)|  has a larger
bias than M DD, (Y;|Y;—;) for j = 1,..., L. These biases, in aggregate, render M DM? (L) poor
finite-sample properties when L is small or moderate, while ¢ is large. The Monte Carlo evidence
in the study confirms that the finite-sample properties of M DM?2 (L) is only comparable to those

— 2
of M D2, but much worse than those of M D, in many cases.

4 Asymptotic Theory

—— 2
In this section, we establish the asymptotic theory for M D2 and M D,. Given that M D2 =

qu fO

process S, (A, 7) in a Hilbert space, as in EV (2006). Let = (7,A) € I1 (§) = D (§) x [0, 1], where

n (AT H d\w (dT), it is more convenient to establish the null limit distribution of the
D(8) ={r:6 <|r|| < }} with § € (0,1). For a fixed 4, w (-) is integrable, therefore, denote v as

the product measure of w (-) on D (§) and the lebesgue measure on [0, 1], i.e., dv (n) = w (d7) dA

on IT (§). Then we consider firstly S, (A, 7) as a random element in the Hilbert space Ly (I1 (8) , v)

15



of all square integrable functions (with respect to the measure v) with the inner product

Fahmes = | L5 )

L (IL(9) ,v) is endowed with the natural Borel o-field induced by the norm || f|| 5 = (f; f>g(25).
If Z is a Ly (I1(9),v)-valued random element and has a probability u,, we say Z has mean m
and F ((Z, h)H(5)> = (m, h) g5y for any h € Ly (I1(5) ,v). If E||Z||§{(5) < oo and Z has zero
mean, then the covariance operator of Z (or py),Cz (-) say, is a continuous, linear, symmetric

positive definite operator from Lo (I (0),v) to Lo (I1(d),v), defined by

An operator s on a Hilbert space is called nuclear if it can be represented as s(h) = E;’;l Li (h, f5) H() fis
where {f;} is an orthonormal basis of the Hilbert space and {l;} is a real sequence, such that

> 521 |lj| < o0o. Tt is easy to show, see, e.g., Bosq (2000), that the covariance operator Cyz(-) is a
nuclear operator, provided that EHZH%,((;) < 0.

To derive the asymptotic theory, we consider the following assumptions.
Assumption 4.1 {Y;} is a strictly stationary and ergodic process. E ||Y1||> < co.

Assumption 4.1 is slightly stronger than EV (2006), where they assume a finite second moment
for {Y;}. In our study, the existence of the third moment for {Y;} is required in constructing the

bias-reduced statistic.

Theorem 4.1 Under Assumption 4.1 and Hy,
1
— 2
MD2,MD> % MDZ = / / 1Z (0|2 ddw (dr),
Ra J0
where Z (A, 7) is a Gaussian process with zero mean and covariance

A= SB[ [ i o (V) (0~ ) G (77 BN (1) dr) s () X

16



where TT = R x [0,1], () = exp (i (r, ¥)) — (r) with o(7) = E [exp (i {7, Yi))], u = B (¥3),

U, (N) == V2sin (j7 ) /jm and n* = (\*,7%).

Proof. See the Appendix. m

By analyzing the principal components of M D2 | it is possible to demonstrate that the asymp-
totic distribution of M D?_ can be expressed as a weighted sum of independent x? distributed
random variables with weights implicitly determined by the DGP. Therefore, the asymptotic

distribution of M D2, is not standard.

4.1 Consistency

— 2
The consistency properties of M D2 and M D,, under alternative H4 are stated in the following

theorem.

Theorem 4.2 Under Assumption 4.1 and H 4,

fMDz 1MD2 P ZIRq HVJ H w (dr) .
" (jm)?

Proof. See the Appendiz. m

s Je s O @)

- (Jm)
under Hy, since there exists at least j > 1 such that [p, nyj (7')H2w (dr) # 0. In other words,
the test is consistent against all blockwise alternatives H,4. Of course, the common criticism on
generalized spectral tests also applies here, as they can only detect alternatives which are only a
subset of the negation of H.

To further appreciate the consistency properties of our tests, we consider the following local

nonparametric alternatives:

HA,'rL : E(Y;f - /’L|]:t71) = y .S, (9)

=E
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where F;_1 is the o-field generated by I;_1, and the sequence {g;} satisfies the following assump-

tion:

Assumption 4.2 {¢;} is measurable with respect to I;_1 (F;—1-measurable), zero mean, strictly
stationary, ergodic, and a square integrable sequence, such that there exists a j > 1 with E[g|Y;—;] #

0 with positive probability.

Theorem 4.3 Under the local alternatives (9) and Assumptions 4.1 and 4.2
2 vrp? 4 2 ! 2
MDE D, S MDEoe = [ [ 12000 + GO ),
Re JO

where
V2sin jm A

o0
;E grexp (i (1,Y,—;))] P

Proof. See the Appendix. m

——2
Therefore, M D2, M D, can detect all block-wise alternatives (9) at the parametric rate n~/2,

5 The Bootstrap Test

As demonstrated in the previous section, the asymptotic distribution of our tests is nonstandard.
— 2
We can approximate the asymptotic distribution of M D2, M D, by a bootstrapping method. In

particular, we can simulate their critical values by the following algorithm:

9
1. Calculate the test statistic M D2, M D, with the original sample {Y;}}- ;.

2. Generate {w;};;, a sequence of independent random variables with zero mean, unit vari-
ance, and bounded support, and independent of the sample {Y;};" ;. Then generate {Y;*}}" |,

where Y," = wY;.

3. Then, compute
n—1

MD?=-Y" Y=Y Z Z [ Y (0 =Y Iy — Yl—jH ,

j=1 (”_9 k=j+1 l=j+1
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\/ * _ 1 n *
where YTL—] = T_] Zk:]+1 Yk’ .

n—4

n n
MDY =3 S Y A,

. 2
= (n—j—3)(m) k=j+11=j+1

where

* 1 * 1 * 1 *
bk:l T n—j-2 Z?:j+1 bkl T n—j-2 ZZ:j—H bkl + (n—j3-1)(n—j—2) ZZ:;‘-H Z?:j-&-l bkl k#1

0 k=1

_—
By =

with b, = 3|1V = Y |* k0= j + 1,...,n.

4. Repeat steps 2 and 3 B times and compute the empirical (1 — «)th sample quantile of

— %2 —— %2
MD;2, MD, with the B values, MD}* , M D say. The proposed test rejects the null

n,o’ n,Q

—— 2 —— %2
hypothesis at the significance level a if MD2 > M D} MD, > MD,,,,.

n,0

To derive the consistency of the bootstrapping procedure, it is necessary to consider the

alternative representation of M D%

MD”:/‘/W
" Re JO

N 2
Sim)|| dxw (ar).

where
n—1 ..
ok . o \/Qsmﬁr)\
Sin) = 3 n = )12 45 (r) YT,
=1 J
in which
. 1 < _ ,
95 () = = > (Ve = Vi) exp (i (7. Vi),
t=j+1

*2 —— %2 . . . . o . n *2 n
For M D;? and M D,, , let their distribution, conditional on a sample {Y;}7, be L (M D;?| {Y;}7)
—— %2
and L (M DZ | {Y}}?), then the consistency of the bootstrapping procedure is established in the

following theorem:
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Theorem 5.1 Under Assumption 4.1, then under the null hypothesis (3),

pw (L (MD?{Y;}}),MDZ%) — 0 a.s. asn — oo,

—— %2
Pu (L (MDn |{Yt}’11> ,MD§O> — 0 a.s. asn — 0.
Under the local alternatives (9), and Assumptions 4.1, 4.2,

P (L (MD?| {Y1}) . MD},p1 00) = 0 a.s. as n — oo,

—— %2
u (L (MDn | {Y;}?f) ,MDfocalm> 0 a.s. asn— oo.

where p,, is any metric that metricizes weak convergence in Lo(Il,v), see Politis and Romano

(1994).
Proof. See the Appendiz. m

Note that, given the result obtained in Theorem 5.1, the proposed bootstrap test has a
correct asymptotic level, is consistent, and is able to detect alternatives tending to the null at
the parametric rate n~ /2.

This procedure is similar to the wild bootstrap used in EV (2006), which is in the spirit of wild
bootstrap procedures proposed by Wu (1986), Liu (1988) or Mammen (1993). As in EV (2006),

in our Monte Carlo simulations, we employ the {w;}; ; sequence of i.i.d Bernoulli variates with

P(w=05(1-v5)) = (1+V5) /2v5
Pw=05(14v5)) =1 (1+V5) /2v5.

6 Monte Carlo Evidence

In this section, we examine the finite sample properties of our test statistics, comparing with
EV;?2, the multivariate generalization of EV (2006), and M DM?2 (L) of Wang et al. (2021), where
L = 9 is chosen. Sample sizes are 100 and 300. The nominal size is 5%. The number of

Monte Carlo experiments is 1,000, while the number of bootstrap replications is B = 300. The
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random sequence in the bootstrap is generated by the Bernoulli variates. In all the replications,
200 pre-sample data values were generated and discarded. We consider two groups of ¢s: a
moderate-value group in which ¢ = 1,2,3,4,5,6,7,8, and a high-value group in which ¢ =
20, 40, 60, 80, 100, 120, 140, 160.

In the following, a o b denotes element-wise multiplication of two vectors a, b. We consider
the following 6 MDSs under the null:

N1. Uncross-correlated i.i.d process: an ii.d N (0,1,) distributed g-variate data sequence,
where I, is a ¢ x ¢ identity matrix.

N2. Cross-correlated i.i.d process: an i.i.d N (0, ) distributed g-variate data sequence, where
Q is a g x ¢ positive definite matrix.?

N3. Cross-correlated i.i.d t3(€2) process: a student’s t distributed g-variate data sequence
with 3 degrees of freedom, where () is a ¢ X ¢ positive definite matrix.

N4. Stochastic volatility process: Y; = ¢ o exp (0¢), with oy = 0.9360;—1 + 0.32vy, where {¢;}
follows an i.i.d N (0,€4) and {v;} follows an i.i.d N (0,2) in which ; and 3 are ¢ x ¢ positive
definite matrices.

N5. Stochastic volatility 4¢3 process: Y; = € o exp (o), with oy = 0.9360;_1 + 0.32v;, where
{e} follows an i.i.d ¢3 (€21) and {v;} follows an i.i.d N (0, Q2) in which ©; and Qg are g x ¢ positive
definite matrices.

N6. GARCH process: Y; = ¢, 0 04, where 0,00, =0.1+0.1Y;_10Y;_ 1 +0.8 04_1 0041 and
{e&:} follows an i.i.d N (0, 1,).

N1 is the benchmark. In N2-N6, we allow for cross-correlations between contemporaneous
variables. In N3 and N5, there exist heavy tails explicitly, and in N4-N6, there exists heteroskedas-
ticity. The empirical sizes of ]\71/)3” MD?, MDM?(9) and EV,? for sample sizes 100 and 300 are
depicted in Figures 2 and 3, respectively. In each figure, the subplots in the left column report
the results of moderate g values; those in the right column report the results of high ¢ values.

It is observed that ]\/ﬂ)i has very accurate size control for both moderate and high values

— 2
of g. When ¢ = 1, the empirical sizes of M D,,, MD2, MDM?2(9) and EV,? are comparable;

2To generate a positive definite square matrix, we first generate a square matrix Y. The positive definite square
matrix  is then constructed via Q = Y'Y. In the Monte Carlo simulations, values of ) are predetermined by
specifying the seed for the Matlab random number generator. In all the simulations, we set the seed equal to 1,
and generate Y based on a uniformly distributed random numbers generator in the interval (0,1).
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however, when ¢ values increase, the empirical sizes of M D2, MDM?2 (9) and EV,? deteriorate
to zero quickly, especially in the cases involving heavy tails and heteroskedasticity. As sample
size increases, the finite-sample properties of M DM2 (9) improve, but they are only comparable
to those of M D2, and remain much worse than those of ]\%i

For the power check, we consider the following 6 non-MDSs:

A7. VAR process: Y; = 0.1Y;_1 + &, where {e;} follows an i.i.d N (0, I,).

A8. First order exponential autoregressive process (EXP(1)): Y; = 0.6Y;—1+exp (—0.5Y;_1 0 Y;—1)+
e, where {¢:} follows an i.i.d N (0, I,).

A9. Multiple non-linear moving average process (NLMA): Y; = €;_10€;_20(€et—2 + €¢; + 1) ;,where
{e:} follows an i.i.d N (0, I).

A10. Bilinear process: Y; = € + biei—1 0 Yi—1 + baes—1 o Y;_o, where {¢} follows an i.i.d
N (0,1,).

A1l. The sum of a white noise and the first difference of a stationary autoregressive process

of order one (NDAR):

Yi = +Xi— X

Xy = 0.85X;_1 + vy,

where {e;} follows an i.i.d N (0,1;) and {v;} follows an i.i.d N (0, I,).

A12. Threshold autoregressive process of order one (TAR(1)):

—0.5Y;-1 + €, ifY; 1 >1
Y; =

0.4Y;_1 + €, otherwise,

where {e;} follows an i.i.d N (0, I,).

The alternatives A8-A12 in the case of ¢ = 1 were considered by EV (2006). The empirical
powers of ]\713721, MD2, MDM?2(9) and EV,? for sample sizes 100 and 300 are presented in
Figures 4 and 5, respectively. In each figure, the subplots in the left column report the results of
moderate ¢ values; those in the right column report the results of high g values.

——2
As expected, the testing power of M D,, increases when sample size increases. When ¢ value
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is large, ]/W\Z)i maintains its testing power for all the alternatives. On the other hand, M DM? (9)
and EV,? have empirical powers as low as zero in many cases, especially in relation to high ¢ values.
For alternatives A7 and A8, where the multivariate time series sequences are uncross-correlated,
the testing power of ]\Ybi increases as ¢ value increases. This demonstrates empirically the
attractive advantages of the nonintegrable weighting function in high-dimensionality situations.

Overall, these Monte Carlo simulation results reveal that ]\ﬁi maintains excellent finite-

sample properties, specially in relation to high-dimensionality situations.

7 Application

In this section, we apply our newly proposed generalized spectral tests to test the EMH on the US
stock market. We first consider data sets on monthly average value weighted returns of industry
stock portfolios from July 1926 to October 2020. In these data sets, each NYSE, AMEX, and
NASDAQ stock is assigned to an industry portfolio at the end of June of year ¢ based on its
four-digit SIC code at that time. We consider 5, 10, 17 and 30 industry stock portfolios. The
data resource is from the data library maintained by Prof. French.?

In each of these data sets, we first apply Chang et al.’s (2017) omnibus test to check whether
these multivariate return sequences are white noise up to the first 10 lags. We use the pre-
transformed data sequence with cross validation on the tuning parameter for estimating the
contemporaneous correlations. The number of bootstrap replications is 1,000.# We report its
p-values of 5, 10, 17 and 30 industry stock portfolios in Table 1. The results reveal that, for all
the monthly returns of industry portfolios considered here, there is no strong evidence that there
exists linear dependence.

We now apply the generalized spectral tests for these industry portfolios to test the weak

form of the EMH. For illustrations, denote the null for ¢ industry portfolios as

Y . B [Yt@m(j’g] _E (Yt@) Jas. forall j=1,2, ..

Shttps://mba.tuck.dartmouth.edu/pages/faculty /ken.french/Data_Library/.
4We use the function wntest in the R package HDtest with opt=3.
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1 2 3 4 5 6 7 8 9 10
5 portfolios  0.052 0.052 0.114 0.107 0.121 0.136 0.128 0.162 0.218 0.193
10 portfolios 0.042 0.045 0.058 0.078 0.100 0.074 0.087 0.138 0.145 0.168
17 portfolios 0.074 0.060 0.067 0.078 0.063 0.074 0.075 0.081 0.148 0.144
30 portfolios 0.068 0.058 0.084 0.072 0.073 0.078 0.074 0.065 0.083 0.123

Table 1: P-values of the omnibus test of Chang et al. (2017) for monthly returns of industry
stock portfolios.

where Y;(q) is a g-dimensional industry portfolio return vector. The EMH corresponds to the case
when g equals the number of stocks in the US stock market. By considering the industry portfolios
here, we test the dimension-reduced null hypotheses. By the structure of these portfolios, when
p<q, Héq) implies Hép ). Tn other words, a rejection of H[gp ) implies a rejection of Héq) .

The number of bootstrap replications is also 1,000. The p-values of the generalized spectral

tests are reported in Table 2. Some interesting patterns appear. For the monthly returns of

5 portfolios 10 portfolios 17 portfolios 30 portfolios

BMD 0.129 0.087 0.044 0.015
MD 0.168 0.123 0.086 0.041
EV 0.553 0.584 0.582 0.592

MDM(3) 0.155 0.137 0.087 0.049

MDM(6) 0.161 0.119 0.099 0.045

MDM{(9) 0.164 0.125 0.098 0.059

MDM(33)  0.140 0.136 0.104 0.052

— 2
Table 2: P-values of generalized spectral tests. BMD represents the bias-reduced statistic M D,,;
MD represents the statistic M D2; EV represents the statistic EV,2.

the 5 and 10 industry portfolios, our tests can not reject the nulls at the 5% significance level.
However, for the monthly returns of the 17 and 30 industry portfolios, the nulls are rejected by
our bias-reduced statistic at the 5% significance level. On the other hand, the EV test cannot
reject the nulls at the 5% significance level in all the cases. The truncated generalized spectral
test cannot reject the nulls for the monthly returns of the 5, 10 and 17 industry portfolios. It
delivers misleading results for the monthly returns of 30 industry portfolios: basing on M DM?2(3)
and M DM?(6), the nulls are rejected at the 5% significant level, however, the nulls cannot be
rejected at the 5% significant level, basing on M DM?2 (9) and M DM?2(33) (L = floor (\/n)).

We then consider data sets on daily average value weighted returns of stock portfolios from
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1 2 3 4 5 6 7 8 9 10
5 portfolios  0.107 0.131 0.132 0.135 0.163 0.155 0.085 0.087 0.102 0.113
10 portfolios 0.117 0.148 0.197 0.210 0.201 0.203 0.115 0.116 0.135 0.127
17 portfolios 0.158 0.181 0.243 0.260 0.305 0.299 0.136 0.118 0.133 0.117
30 portfolios 0.214 0.242 0.327 0.365 0.371 0.380 0.128 0.168 0.189 0.166
49 portfolios 0.278 0.270 0.332 0.363 0.375 0.400 0.238 0.232 0.228 0.242

Table 3: P-values of the omnibus test of Chang et al. (2017) for daily returns of industry stock
portfolios.

5 portfolios 10 portfolios 17 portfolios 30 portfolios 49 portfolios

BMD 0.045 0.126 0.146 0.186 0.225
MD 0.079 0.171 0.182 0.217 0.244
EV 0.650 0.569 0.492 0.495 0.500

MDM(3) 0.104 0.132 0.192 0.232 0.258
MDM(6) 0.101 0.164 0.195 0.244 0.274
MDM(9) 0.097 0.144 0.196 0.243 0.267
MDM(31) 0.076 0.153 0.178 0.224 0.250

—— 2
Table 4: P-values of generalized spectral tests. BMD represents the bias-reduced statistic M D,,;
MD represents the statistic M D2; EV represents the statistic EV,2.

Dec 1, 2016 to Nov 30, 2020. We consider 5, 10, 17, 30 and 49 industry stock portfolios. The
p-values from Chang et al.’s (2017) omnibus test and the generalized spectral tests are reported
in Tables 3 and 4, respectively. It is observed that, up to the 49 industry portfolios, there is no
strong evidence against the EMH.

At a monthly frequency, and not at a daily frequency, the EMH of the US stock market is fully
rejected by our test. These results echo a large body of literature on stock predictability, wherein
it is argued that the US stock returns are predictable for longer horizons. Especially, Hong et al.
(2007) found that the returns on industry portfolios predicted stock market movements at a
monthly frequency. Another implication from the results is that nonlinear modeling of the stock

returns may offer better predictions.

8 Conclusions

In this study, we propose new generalized spectral tests for multivariate MDHs, which espe-

cially suit high-dimensionality situations. Simulation results reveal that the newly proposed
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bias-reduced generalized spectral test statistic outperforms its competitors substantially. The
application to testing the EMH on the US stock market demonstrates the usefulness of our pro-
posal. It is of interest to extend our approach to test the correct specification for multivariate
parametric time series models, which in many cases implies a multivariate MDS on the unob-
servable model errors. In this scenario, however, the parameter uncertainty must be considered,
which will result in more complicated asymptotic theory for the test statistic and require a new

bootstrapping procedure. We will report this important extension in a separate work.

9 Appendix of Proofs

It is useful to introduce the following Lemma regarding the nonintegrable weighting function.

Lemma 9.1 For all X € R?

1— X
/ Locostn, X) ey 111, (10)
T

where
rla+1)/2

T((q+1)/2)

in which T (r) = fooo " le=Tdr,r # 0,—1,—2.... The integrals at 0 and oo are meant in the

Cq:

principal value sense: limg_sg qu\{EBJFE,lBC}, where B is the unit ball centered at 0 and B¢ is the

sin ({7, X)) .
. et

complement of B, and

Proof. For any =z € R,

d 71_022(:”3) ds /°° sin (zs)
0

= d
dz s §
= gsgn (z),
where sgn (x) denotes the sign of x. So
1 — cos (zs) T
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By 3.3.2.3, P586, Prudnikov et al. (1986) and applying (11), we have

— q-1)/2 00 ] _
/ 1 cos((T,X))d 27r / / 1 — cos HXHscosu) ssin?2 (u) du
Ra

I+t

2 q+1 )/2
:HXH T / |cos u| sin?2 (u) du

W(q+1)/2

= [1X]]

: q—1)/2
/ sm(<T,X))d7_: 27r / / sin ]XHscosu) sin2 () du
R

o[
(q 1)/2 ™
= || X]| 27 / s1n2( )/ cosusin?™? (u) duds
0

(=) b

=0.

So the proof is complete. m

Proof of Lemma 3.1. Firstly, let Ey, denote the expectation with respect to Y3, EYt+ follows

similarly. We have

%= e = B (G 1= ¥t ) = By (G- 3P ) + B (i - v )
=5 (=YY =) =g [ =Y =) dy )
—5 [ 0= (=) dFys o)

/Rq/Rq (ye — yi) (yt—yj)dFY; (") dFy, (y1)

=5 Loy 4 2B (V) Y, 4 2V E (V) - 2B (V) BY))

-V -EM) (" -EM)).
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Then

[ s @ wtdn = B [(v ~ B2 (%7~ B(10) [¥iey - ¥ |
R _

3= P = B (5 v - )

=E 1 4112 1 i H = t_jH
~Byr (311 =Y °) + B (v - v4)

=¢e; + ;B — 2p;,
where

aji=FE HYt—j - Yiij‘ )

1
(5% - v17).
1
gy = B (5 [y = vt | i = v ).

1
ey o= B (5 [Yies vt | i - ¥ 7).

with (Y, Yi—j), <Yt+,Yttj> and (YﬁﬂY;ﬁj) are i.i.d. Note that the existence of p; and ¢;

requires the existence of the third moment for {Y;}, since by Holder’s inequality and Minkowski’s

Inequality
3 1/3
oy < 3 [B (I -y )] thj v )]
1 3
< a(mw) 2 (2 )"
<4B|v|*.
Define
n
Ty = Z ajkibr, Tie = aj. b, Tz = Z ajk. by,
kl=j+1 k=j+1
where

Z ajkt, b = Z bri, ajk. = Z @jkt, br. = Z bkt

k=741 k,l=j+1 l=5+1 I=j+1

When {Y;} is iid, E ||V < oo,
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E(Th)=Mm—j)(n—3j—1)¢,
E(Tp)=n-j)(n—j-1)[(n—j-2)(n—j-3)a;B+2;+4(n—j—2)p],
E(Tj3)=(n—j)(n—j-1)[(n—j—2)p;+¢j].

To get some idea about the results above, note, for example, in T}y, for k,l =5+ 1,...,n,

E (L1 = Vil iy = Yisl) . b #1

0, k=1.

FE (ajklbkl) =

Since (Yj, Yi—;) and (Y], Yi—;) are i.id for k # [, so E (a;uby) = €;, for k # 1. The arguments
for Tj and T)3 are similar.

If {Y;} is strictly stationary and ergodic, E ||Y1 | < oo,
E(Tjp) = (n—j)(n—j—1)z;+0((n—j)?).

To get some idea about this result, for 7};, denote ¢;(s) = E <% 1Yit1 — Yierasl? ||Y1 — YHSH),

fors=1,...,mn—j—1.

n—j m n—j—1 m
EMn)=2) Y NG =m—j)n-j-1eg+2 Y > [g(s)—¢
m=1 s=1 m=1 s=1

= —=j)(n—j—-1¢
! m 1
+(n—j)(n—j-1) mzz:l (n—j)(n—j—l)m;k](s) &;]

Note that, given Y 1,Y7, {% Vi1 — YVipres)® Y2 — Y1+5H} is ergodic, so by the ergodic theorem,

1 -1 5 , 1 2
= 5 1Y = Yl V1 - Yig| 5 B (2 HYJ"Fl - Yj—:—IH Y1 —y7]] |YJ’+17Y1> ) 88 T — 00.
s=1
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Then by monotone convergence theorem,
1 & 1 5 1 n
S B (I Yl I = Vil ) = B (5 [V =i I - i) asm - oo
s=1

By the Toeplitz Lemma,

ey 1
Z n—])(n—J—l EZ&J sh=odl).

Similarly,

B(Tj) = (n=j)(n—j=1) [(n=j=2)(n—j=3)a;8+2+4(n—j—-2)p;]+0((n - )",

(12)

E(Tj3)=(n—j)(n—j—1)[(n—j—2)p; +¢j] +0<(”_j)3) : (13)
T =5 i taop
z": z": A B = _nTJ_gj +ZT;3] +(n:?)2 B (nf;)Q
k=j+11=j+1 —n +(n_]j)2 +al _ﬁ
= er i e A v

— T+ T2 2T}3 (14)

30



E ( Y Ajlek:l)
k=j+11=j+1
=m—=j)(n—j—-1)¢
(n=j)(n—j—1)[(n-j-2)(n—j-3)a;B+2;+4(n—j—2)p)]
(n—j)’
2(n—j)(n—j—1)[(n—j—2)p; +¢j]
(n—Jj)

+

2n—j-—mn—-j—-2)-2(n—-j)(n-j-1)

:(n_j)25j—(n—j)8j+ — €j
m—j—1mn-j=2)(n-j—-3)
* () P
2= moi D=2 A==
n—j J

=(n—j) (g5 +a;8—2p;) —9(n—j)ej — 6(n— j)a;B —10(n— 5) p; + 0 (n — j)

1 & 9¢; + 60,3 + 10p, 1
FE ()2 Z Z Ajlekl) :MDD(Y%‘Y%—])_ J nj—j J +0<(TL—])> .

(n—3J k=j+11=j+1

In order to prove Theorem 4.1, we introduce several Lemmas firstly.

Lemma 9.2 Under Assumption 4.1
B [ 1auvi, e ) = B|[Yi- 7. (15)
q

E A 3 (Ye, 7) (Yo, 7)w (dr) = E |V = Vil - E |V = Y7, (16)

foranyt+#s,t,s=1,...,n.
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Proof.

i n)e (@) = [ exp (i r5) = ol ) (exp (=i 7, Y0) = 9(¥ijo7)%) 0 ()
:/qu—E[exp(MﬂtheXp( i(7,%:))+
1 — Elexp (=i (r,Yy))] exp (i (1,Y7))
— (1= B fexp (i {r, YD) B [exp (=i (7, ¥i))]) w (d7)
B [28y |~ i) - B [vi - ¥,

— By v

E Rqét(%T)qbs(Y;,T)Cw(dT):E Rqexp( i(r, Y1) — (Ye, 7) (exp (=i (7, ¥s)) — (Y5, 7)) w (d)

=E Rqexp(i<T,Yt—Y>) Elexp (i (, Yz))] exp (i (7, Y5))

— Elfexp (=i (7, Y5))] exp (i (7, V7))
+ Eexp (i (7, Y))] E [exp (=i (7, V)] w (d7)

= F Rq—(l—exp(iﬁ,Y} Ys))) + 1 — By, [exp (i (7, Y; — Y5))]

+1— Ey, [exp (i (1,Y; = Y5))]
— (1 —F [exp (z <T,Yt — Yt+>)]) w (dr)
= E[- Vi = Y| + By, |Y: = Yil| + By, |Y: = Ys|| — E||Y: — Y]

=BV - Yi| - E[[Y: - v;*|.

In above derivations, we repeatedly apply the result in Lemma 9.1. =

Define

n—1 ..
. V2sin jrA
Zn (A7) =Y (n—5)"? 7 (1) S,
, jm
Jj=1
where

f—z (Y = 1) ¢ (Yejs 7).

t=7+1

For convenience, we write (f, ¢);z = [pq fo Fm) g¢m)w(dr)ar, |f7 = faa f01 1 £1I? dAw (dr).
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Lemma 9.3 Under Assumption 4.1 and Hg,

H

For a fixed 0,
N 2 . 2
’ Sn (A T)HH(é) - ’ Zn ()\’T)HH(é) +op (1)
Proof. Note
- _
%(T):f Z (Yt—Y )eXP( (T,Y-5))
J t=j+1
1 n
= Z (E_M+M Y, ]) [thf](yvt Js )—l—E[exp( < }/tj>)]]
J t=j+1
1 n
= (Ve — ) & (Yiy, 7)
J t=j+1
1 n n
- Z (Y _M)f Z ¢t_j(Y;f—ga7')
TS TS
Then
Sy (A, T) (A7) — Rp (N, 7)
where
n—1 n
Rn AT) = n—j1/2 i
J
j=1 t=j+1 t=j-+1
Then
R 2 . 2
‘sn (A,T)H =12, O\, T)H

N 2 ~
S, ()\,7‘)“ - ) 7

2
)| +on (1),
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where Re (A) denotes the real part of the complex number A and

/

HRn(A,T)HjI:’i(n—.g) nlj S -
= t=j+1
2

Z oh g (Yi—j,7)| w(dr).

t=7+1

n

1
3 m—u)/m —

t=j+1

By a strictly stationary, ergodic MDS central limit theorem, it is easy to get
n
2
(=) - =0,(1).
t=j+1

On the other hand,

2

Zmn], “’(d”:/m ! 22 S B oy (Vi ey (Yo o) (dr)

Ra t 7+1 t=j+1 s=j5+1
- ZE/ 0¥ ) (dr)
1’L— t= g+1
2
+ N2 E/ ¢t]Y;f]7 )¢5](S]7)]w(d7—)
(n_j) t,s=j+1,t<s
1
T Bl
n—j—1
(1- 22 ) B 1% = Yiunl - B[ - %))
m=1

By the ergodicity condition and the Toeplitz Lemma, for a fixed j,

o "t m
) 2 (1755 (e =B ) o

m=1
as n — co. Then we conclude that

2

E /Rn Zgz)tjytj, w(dr) | =0(1).

t 7+1
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Therefore

2
[l 3 et widn) =o,0)
]t—j+1
So )
. 2 -— 1
R, (\ T =0, (1 — = 0p (1
el <>;(w)2 (1)

On the other hand,

E/ 175 (7)])? w (dT) ( - ( Y — ) ¢ j (Y, 7)

2
w (dT))

n- '7 t=7+1
/ S =) b)Y (Y- ) 6y (Yig, 7)w (dr)
t G+l t=j+1
2
= E|( w) o (Yi—j, w (dt
/}an_thzj;rl ’ t] t—j>T ‘ ()

n

+/R<1 Y E(Ye—w) (Y= ) ¢ (Vi )by (Yoo, 7)) w (d7)

n 7]) t,s=j+1,t#s,

- E/ ‘ ¢t ] }/t ]7 ‘2W(d7')

n*]
1
n—

s, vl 12
Since, under Assumption (4.1) and H{, by the the law of iterated expectation
E((Ye =) (Ys = 1) ¢ j(Yiejy T (Ys—jy 7)) = 0,

for any t # s. Then

B [ 1w tan =0 (m-57).
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So

Zoovo| =5 0o (-5

|
= (jn)°

So

By Cauchy-Schwartz inequality

(ar R, < o], [0

H
=0p (1) Op (1)
=op(1)
Then
. 2 . 2
Sn (A’T)HH - ) Zn O\’T)HH +op(1).

By the fact that [}, 5 17w (dT) < fpq I[P w (d7), as D (§) € RY, it is straightforward to obtain

|

. 2
Sn (A T)HH((S) - ’ Z

Lemma 9.4 Let = denote weak convergence in the Hilbert space Lo(I1(0) ,v) endowed with the

norm metric. Under Assumption 4.1 and Hy,

Zn (N T) = Z (AN, T)

on the Hilbert space La(I1(6),v), where Z (X, T) is a Gaussian process with zero mean and co-
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variance operator 0%75 = (Cs (h), h) g (s), where

7=1 k=1

/ (Y = 1) & (1) W5 (NRE(n) (Ve — ) by (77) Wi () R (") dv(n)dov (")
I1(8) < T1(5)

Proof. The proof is similar to the proof of Theorem 1 in EV (2006). We only give some sketches

here. By a similar decomposition as (28) in EV (2006),

It can be shown that, for any h € L (I1(9) ,v), in <Z,{( (), h>H(5) converges to (Z5 (n), h>H(6),

where ZK (1) is a Gaussian process with zero mean and asymptotic variances

/ (¥ — 1) o (D)W (D) (Vi — 1)) Gy () Wi (V) B () o) ()
T1(5) xT1(8)

Moreover, the sequence {25 (17)} is tight. Finally, we explicitly use the result that [, [¢;(Y7, 7) 2w (dr) =

Op (1) to show that, for any € > 0,

lim lim P <HRnK (n)H > 8) =0.
K—00n—00 H(9)
Then the conclusion follows. m

Lemma 9.5 Under Assumption 4.1 and Hy,

2 — 2
MD? =MD, + o, (1).
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n—1 n—4

—
MD,%—MD,ZZZ ) G Z Z A By — Z e Z Z Ajj By
j=1 (n— k=j+11=j+1 1(n—j— k=j+11=j+1
5 3 (_ (3(n—)+2) Ty +(2@—J%+®Tw)
S === m*\ =) n-i-1)(n-j=2) (h—j)*(n—j-2)
n—1
+ )G Z Z Ajjki B
j=n—3 \"" = k=j+11=j+1

By (12) and (13),
Tj2 = Op ((n - j)4) ’

Tj3 = Op ((n — j)g) :

On the other hand,

35 (0)* w (dr)

_ n—1 .
(n—J) /
A B
:z: (n—J) (n—3j)(Gm)° kz];rugﬂ SR Zn;?, (jm)* Jra

We conclude that M D? = MD +o0,(1). m
Proof of Theorem 4.1. Given the region D () = {r:6 < ||7]| < }} with § € (0, 1),

For a ¢, based on Lemma 9.4 and the Continuous Mapping Theorem

Qn (6) = /@/HZATMwwﬂM%Q / /\fouww>

Clearly [15) Jo I1Z (A, 7)[* w (dr) dX converges to [, [y 12 (A, 7)|[*w (d7) dA. Then we need to

show

n—o0

limsupF ’Qn (0) — ‘ Zn (/\,T)Hj{‘ =0,asd — 0.
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Note

£]@.0) - 200 |- 2o ) () an
|7]|<8
+E< ATHu}deA)
|7]|>1/8
=C1+ Cs.

¢r= E |17 (7)| w (d7)
j=1 Irll<o
n—1 ( ) n 9
— n—J > 1 v _ . ]
jgl (j7T)2 /||7||<5 ( n_] ;1( t /.L)th,]( t—j '7_) (,U( 7‘)
n—l .
- / ( 2 Y — ,U ¢t J Y;t —j» ) Z (nﬂ)¢tj(¥%j77)c)w(d7)
j=1 [|7||<é n = j+1 A
n—1
2x 2/|||6 (1% = ) 60y (V) [2) w
Similarly
Canl/ B ([|(% = ) 61— Vi, DI ) ()
= (G7)* Jiri>1/6 N
As fR (H Vi —n) 61 ] (Yi—j, H ) ) is finite, so
/| s (1% = 1) 605 (Vo)) w (dr) = 0
/” H<6E (H(Y;f — 1) ¢t_j(Yt_j,T)H2> w(dr) = 0,
as d — 0. So

limsupF ,T)|| w(dr)d\ =0,

n—oo

lI7ll<é

limsupE/ / HZn (A7) H w(dT)dA =0,
n—00 |r]|I>1/6 JO
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as § — 0. Therefore,

n—oo

limsupF ‘Qn (0) — ‘ Zn (A,T)HZ‘ =0,asd —0

Then, we conclude, by Theorem 8.6.2 of Resnick (1999),

1
MD? % MDZ :—/ / 1Z (A, 7)|)? w (dr) dA
Re JO

Lastly, by Lemma 9.5, and the Slutsky’s Thereom, we obtain

—2 4 9
MD, % MD2.

Proof of Theorem 4.2. Note

n71/25’n (\T) = n71/22n (A7) — nil/zﬁin (A7),

%MD,% - Hn_l/QS’n ()\,T)Hj{

Under H 4,

2
B [ s (I () > (i= 0o (Yiegr)| wldr)
Rq n_Jt =j+1

/ —p S 0 ) i) 3 (i) (i (07)

t=j+1 t=j+1

2 ZE’Yt ¢t]Y2]7 ‘QW(dT)
t=7+1
n

o
e

(n—j)? Z E((Y: =) (Ys = 1) ¢ (Vi jy 7) s (Ys—j, 7)) w (dT)

t,s=j+1,t#s,
1

= B0 0 ) (28 ||V =¥ | - B v - v )
9 n—j—1

o)

m=

<1 R nnjj> B (¥ = ) (Ve = 1) (I¥ = Yerwall = Y2 = Y1)

—_
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Again by the ergodicity condition and the Toeplitz Lemma, for a fixed 7,

9 n—j—1
- 1-—
—J) = (

m=1

") B (= ) O =) (15 = Yol = ¥ = ¥ ) = 0
as n — 0o. So
B [ 15 (e ) = o (1).

Then
Hn—l/ZZn (A,T)HH =o0p(1).

Moreover, it is easy to show

Then
Hn_1/2§n (A, 7')Hj{ = Hn_l/QZn (A, T)Hil +o0p(1).

Furthermore, similar to the proof of Lemma 9.5,

1 —
—MDZ —MDZ +o, (1),

Given the region D (6) = {7:6 < ||7]| < }} for each 0 < § < 1, by the weak law of large number

under Assumption 4.1 and the Continuous Mapping theorem,

= S 17 (D) w (dr)

j=1 (jﬂ')z

1

an = / / |n17220 (0, 7) H w(dr)dA B ~Q () ==
D(5) n

Following similar arguments in the proof of Theorem 4.1, we can get

limsupFE

n—oo

%Qn (8) — Hn—1/22n ()\’T)Hil' =0,asd — 0.

Then we have

fMD2 1MD2 P Zqu v (r H w (
! (jm)°
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Proof of Theorem 4.3. Under Assumptions 4.1 and 4.2, denote

n—1 ..
2 A
S ) = 3 (= )25y, (r) Y2IITA
J=1 a
where
~ gt
713’ I Z ( - ) exp (i (7, Yi—;)) -
t 7+1 \/ﬁ
Then
S (A7) =81 (N 7) +Gn (N, 7)),
where
n—1 ..
2 A
Ga(AT) =Y i (r, i gy) Y2SITA
=1 t j41 I
Denote
n—1 ..
R 2 A
D) = 3 (0= )2y () Y2ERITA
=1 T
where
R Gt
7y (1) = —— Z <Y¥ >¢t—j(Y;f—j7T)-
t J+1 \/ﬁ
Then
gln ()\7 7—) - Zln ()\) T) - Rln ()‘7 7—) )
where

\fsmﬁr)\

]7'('

iV T) ———
tj+1

Note that, under Hy,,, Y; — p — % is a MDS with respect to I;_1, then similar to Lemma 9.3,

[ .m0, =m0+ onta)

Similar to Lemma 9.4
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Zin (\T) = Z(\,T)
on the Hilbert space Ly (T (8),v). On the other hand, G, (\,7) = G (\,7) + 0, (1) . So

Sy (\T) = Z(\T)+G(\T)

on the Hilbert space Lo (IL (§) , v). Finally, following similar arguments as in the proof of Theorem

4.1, we arrive at the conclusion. m

Proof of Theorem 5.1. Note

(0= 30 (= V) exp (i, Yiny)

5
t=j+1
1 < _ ,
= (Ve = p) we + prwy = Y5 5) [y (Yiej, 7) + E [exp (i (7, Yi—j))]]
TS
1 " 1 " 1 "
=—— ) Vi—pwwid_;(Yij,7) - P > (Vi—p) Wi > b (Yiejim):
J t=j+1 J t=j+1 J t=j+1
Then
Sp (A7) = Zn (A7) = By (A7),
where
n—1 .
5 s . o V2sin jrA
Zi ) =30 (= )R ()
j=1
with
” IR
T; (T) = Z (Y% - :u) wt¢t—j (Y%—PT)?
TS
n—1 n n .
A . 1 V2sin jmA
RiAm) = (=) 3 = mw— D 6y (Y1)
7=1 J t=7+1 J t=7+1 J
Then
n 2 N 2 R 2 ~ ~
|ssoun|, = [z o], +[/R o) —2Re (8500 R V)

Following similar arguments as in the proof of Theorem 4.1, and 4.3, we arrive at the conclusion,
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with the understanding that the convergences are conditional on the sample {Y;}]. =
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Figure 2: Empirical sizes of generalized spectral tests under the null hypotheses N1-N6. Sample

— 2
size n = 100. BMD represents the bias-corrected statistic M D,,; MD represents the statistic
MD?Z; MDM represents the statistic MDM% (9); EV represents the statistic EVnQ.
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N4: Stochastic volatility process
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Figure 3: Empirical sizes of generalized spectral tests under the null hypotheses N1-N6.
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MD?Z; MDM represents the statistic MDM% (9); EV represents the statistic EVnQ.
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Figure 4: Empirical powers of generalized spectral tests under alternative hypotheses A7-A12.

— 2
Sample size n = 100. BMD represents the bias-corrected statistic M D,,; MD represents the
statistic MD?L; MDM represents the statistic MDM,% (9); EV represents the statistic EVnQ.
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Figure 5: Empirical powers of generalized spectral tests under alternative hypotheses A7-A12.

— 2
Sample size n = 300. BMD represents the bias-corrected statistic M D,,; MD represents the
statistic MD?L; MDM represents the statistic MDM,% (9); EV represents the statistic EVnQ.
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