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Abstract

This paper investigates the role of persuasion mechanisms in collective decision-
making. A biased sender adopts a Bayesian persuasion mechanism to provide a
committee of uninformed receivers with signals about the unknown state of the world.
We compare public persuasion with private persuasion. We find that the sender can
always reach the concave closure of the set of possible expected payoffs under public
persuasion, regardless of the number of generated signals. The sender is weakly worse
off under private persuasion. We also provide conditions under which the receivers’
welfare from private persuasion dominates that from public persuasion. Moreover,
voting fully aggregates receivers’ private information in the state where the sender
and receivers’ preferences are perfectly aligned, while full information aggregation

may fail in other states.
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1 Introduction

In many social or economic situations, a group of decision—makers receives advice from
an informed agent. The agent designs an investigation process which generates primary
data each time as is performed to the decision-makers. One example is the in vivo testing
of a new medicine. A pharmaceutical company applying for the approval of a medicine may
need to convince different groups of physicians, chemists, and pharmacologists within the
FDA that the medicine is effective. The company chooses tests to perform and truthfully
reports the generated data. Test results are realized signals from a probability distribution
depending on the effectiveness of the medicine. The FDA’s science board members observe
both the test procedure and data before voting for a final decision. Other examples include

financial advising for a managerial board or consumer testing before launching a product®.

These situations usually involve a biased agent, who wants the decision—makers to make
the same decision regardless of the actual state of the world. Despite the truthful-revelation
restriction on the agent’s report, she may design the investigation process strategically in
light of her preference. Kamenica and Gentzkow [2011a] examine the case of persuasion
between one self-interested agent (“sender” hereafter) and one decision—maker (“receiver”
hereafter). They show that the sender can be strictly better off than without persuasion
by committing to a persuasion mechanism which generates noisy signals to the receivers.
They also point out that the result does not easily extend to a multiple-receiver situation

in which the receivers care about each other’s decisions?.

This paper investigates the role of persuasion mechanisms in a committee’s collective
decisions. We extend the Bayesian persuasion mechanism to a multi-receiver framework.
Regarding Kamenica and Gentzkow’s open question, our results show that the information
transmission channel plays a crucial role in the attainability of the sender’s optimal payoft.
We compare public persuasion, in which all receivers observe the sender’s choice of the
mechanism and the generated signals simultaneously, to private persuasion, in which only
the sender’s mechanism is commonly known while each receiver gets a separate observation.
We show that, under public persuasion, the sender can always achieve the concave closure

of the set of expected payoffs, regardless of the number of signal realizations or voting rule.

LA survey by DellaVigna and Gentzkow [2009] summarizes the empirical studies on persuasion. Exam-
ples include but are not limited to persuading consumers of merchandise, persuading voters before elections,
persuading donors to NPOs or charities, or persuading investors on financial markets. This survey also
discusses a persuader’s incentives and roles, such as advertisers, financial analysts, and the media. Some
persuasion channels are public while others are private; for instance, newspaper advertisements target all
ages while propaganda via the internet mainly attracts young citizens.

2See Kamenica and Gentzkow [2011a] Section 7.2.



The sender is weakly worse off under private persuasion. From the sender’s perspective, a
combination of both types of persuasion is also worse than a pure public one. In fact, any
information channel into which some private elements are introduced yields the sender less
than her optimal payoff. In the in vivo testing example, the pharmaceutical company may
have the choice to run a series of tests for all scientist groups of the FDA board publicly, or
one separate test for each group involved privately. Our finding suggests that the company
can guarantee a strictly positive probability of an approval with the former arrangement.

Yet it is not true with the latter arrangement?.

Previous studies on public versus private communication largely focus on cheap talk
models (Farrell and Gibbons [1989], Goltsman and Pavlov [2011]). We compare the in-
formation transmission channels by incorporating the sender’s signal generating process.
Specifically, we examine the sender’s use of Bayesian persuasion mechanism, which has a
direct impact on the formation of receivers’ posterior beliefs. The key difference between
the two types of persuasion lies in the posterior beliefs. Signals from public persuasion lead
to a common belief about the unknown state of the world for all receivers. The formation
of the common belief is directly controlled by the sender’s choice of a persuasion mech-
anism. The mechanism generates noisy signals to persuade just enough receivers to vote
informatively upon observing the “favorable” signal realizations. In contrast, under private
persuasion, receivers’ posterior beliefs are subject to a second—order uncertainty. A rational
receiver forms his posterior belief by incorporating not only his private observation, but
also the inferred distribution of signal realizations from other receivers’ informative votes,
conditional upon his vote being pivotal. As a result, it is more difficult for the sender to use
the persuasion mechanism to influence receivers’ posterior beliefs. There exists multiple
equilibria; the sender’s equilibrium payoffs from all the equilibria are weakly dominated by

that from public persuasion.

Meanwhile, we also demonstrate that the sender’s payoff ranking is robust to the number
of signal draws. It provides insight into a question regarding the design of testification
institutions: if the sender is to run a series of tests and to report the generated data, would
she prefer presenting the whole set of data to all receivers publicly, or showing data from
each separate test to each receiver privately? The answer is the former. Furthermore, if a
biased designer is to set up both the signal-generating mechanism and the channel through
which the generated information is presented, she would establish a public persuasion

mechanism. This is true for any number of tests or any amount of data that might be

30ne may argue that it increases the sender’s cost to prepare different information packages for different
people. Nevertheless, we show that, even without the additional cost in approaching the receivers separately,
the sender still weakly prefers public persuasion.



required by the testification procedure. The reason is that the sender adjusts the mechanism
accordingly if she anticipates a more thorough examination with a series of trials. Because
of receivers’ common belief under public persuasion, multiple trials are more likely to help
the receivers to discover the true state, including the sender’s least—favored state. To offset
this negative effect, the sender’s optimal mechanism becomes less informative and generates
noisy signal realization with greater probability in the state where players’ interests are

mis—aligned.

Finally, we derive a condition under which the receivers are weakly better off under
private persuasion. Given an m—majority voting rule, when the cutoff receiver’s preference
does not exceed the average preference of all others, receivers’ welfare from private per-
suasion weakly dominates that from public persuasion. It results from the strategic voting
effect under private persuasion. Besides his own signal observation, a typical receiver in-
corporates additional information revealed by others’ equilibrium votes. This second—order
belief regarding each other’s information helps receivers to reduce decision error and to im-
prove welfare. On the other hand, however, the receivers’ benefit from private persuasion
is also limited. The welfare-enhancing effect of private information channel diminishes if
the cutoff receiver’s preference is beyond a certain threshold level. Under such a circum-
stance, a receiver interprets the differences in each other’s votes more as a consequence
of heterogeneous preferences but less as a result of different private signal observations.
Particularly, our result indicates that private persuasion may become socially undesirable
if the condition of receivers’ preferences is not satisfied. In such a case, both the receivers

and the sender are (weakly) better off under public persuasion.

The remainder of the paper is organized as follows. Section 1.1 reviews the related
literature on persuasion games and voting. Section 2 introduces the model, strategies,
and equilibrium concept. Section 3 characterizes the subgame perfect equilibria of the
persuasion game under public and private persuasion, respectively. There exists a unique
equilibrium under public persuasion, while under private persuasion there are multiple equi-
libria, some of which involve a sufficiently large portion of receivers voting uninformatively.
Section 4 shows that the sender is weakly better off under public persuasion. In addition,
Section 4.2 demonstrates that sender can always achieve the upper bound of the set of
her expected payoffs via public persuasion. Section 5 provides a condition under which
receivers are weakly better off under private persuasion. Increasing the number of signal
draws under public persuasion does help the receivers to reduce decision error. Section 6

extends the model to a continuous signal realization space, and Section 7 concludes.



1.1 Related Literature

Farrell and Gibbons [1989] are among the first to provide discussions about public
versus private information transmission. They analyze a one-sender two-receiver cheap-
talk game with binary state space. They focus on the informativeness of information
transmission and show that, whenever there exists an equilibrium in which the sender
communicates informatively under private communication, there is an equilibrium under
public communication in which the sender does the same?. Farrell and Gibbons [1989] do
not emphasize the welfare implication of the communication environment. We show, in
addition to Farrell and Gibbons [1989], that the sender always achieves a higher expected

payoff under public persuasion.

There are three key differences between Farrell and Gibbons’ setting and ours. First,
the players’ conflicts of interest are different. Farrell and Gibbons [1989] adopt a cheap-talk
model in which not only the receivers’, but also the sender’s utility is state-dependent. We
analyze a persuasion game in which only the receivers prefer state-contingent decisions; the
sender always intends to induce one decision regardless of the state. Second, we analyze
different communication techniques. In Farrell and Gibbons [1989], the sender uses costless
and non-verifiable messages, whereas in our model, the sender has no direct control over
what the receivers observe, though she can choose the signal-generating mechanism. Third,
the receivers follow different decision rules. In Farrell and Gibbons [1989], each receiver
takes an action separately, with no interaction of any form occurring between them. In our
setting, the final decision is made through g-rule voting. The sender has to incorporate the
strategic interactions between receivers’ beliefs. The rest of this section will discuss related
literature on each of the three features: sender’s state-independent preference, persuasion

mechanism, and strategic voting.

The conflict-of-interest feature of our model, which incorporates sender’s state-independent
preference, stems from the traditional persuasion game literature. Grossman [1981] and
Milgrom [1981] analyze the information disclosure via verifiable messages between a seller
(sender) and buyers (receiver). Although babbling equilibria in which the receiver ignores
any of the sender’s messages always exists, in a sequential equilibrium, a high-quality seller
distinguishes herself by making a full disclosure. This is because such equilibria imposes
restrictions on the receiver’s off-equilibrium beliefs; the receiver forms rational expectation

about the sender’s true types. Chakraborty and Harbaugh [2010] investigate a sender’s

4Goltsman and Pavlov [2011] extend Farrell and Gibbons [1989] to continuous state space and contin-
uous action space. They also show that the sender is willing to reveal more information if she is allowed
to combine the two messaging channels together.



persuasion through cheap-talk messages. With one-dimensional state space and state-
independent preferences, no non-babbling equilibrium exists in the cheap-talk model. In
contrast, with a multidimensional state space, a sender can convince a receiver by making
credible comparative statements over the two states. Nonetheless, when there are two re-
ceivers to make the decision, interactions between them might offset the benefit from the

sender’s persuasion.

The sender’s information generating process of our model is built on recent development
in the literature of persuasion mechanisms. We extend Kamenica and Gentzkow [2011a] to
a multi-receiver framework. Kamenica and Gentzkow [2011a] analyze a Bayesian persua-
sion game between one informed sender and one uninformed receiver. The sender chooses a
state-dependent persuasion mechanism to provide signal realizations to the receiver. Both
the mechanism and the generated signal are known to the receiver. They derive the nec-
essary and sufficient conditions under which an optimal mechanism that yields the sender
strictly positive benefit exists®. The key difference between Kamenica and Gentzkow [2011a]
and our study arises from the strategic feature of the receivers’ collective decision-making.
In Kamenica and Gentzkow [2011al, the sender faces a single receiver, who updates his
belief upon observing one signal realization and makes a decision on his own. The key
issue of Kamenica and Gentzkow [2011a] is whether the sender can commit to a persuasion
mechanism so that the receiver will take the sender’s preferred action upon receiving a more
favorable signal. In our model, multiple receivers vote for one final decision. A receiver
makes an implicit inference about the distribution of others’ signal observations conditional
on his own vote being pivotal. In turn, the sender incorporates this strategic effect into
her choice of mechanisms. The sender continues to face the problem of convincing enough
receivers to vote for the sender-preferred alternative upon observing a favorable signal, but

each receiver’s incentive to do so changes®.

STwo more papers discuss similar mechanisms. Rosar and Schulte [2010] look into the design of a
device with which an imperfectly informed sender can generate public information about the underlying
state. The set of the generated information is a superset of the set of the sender’s private information.
However, the designer’s goal is to provide information as precise as possible. Unlike in Kamenica and
Gentzkow [2011a] and our study, the sender is biased towards one decision outcome. Rayo and Segal [2010]
develop a sender’s optimal disclosure rule with a multidimensional state space. In Rayo and Segal [2010],
the receiver also has private information regarding the true state; yet in our model, the receivers do not
possess any relevant information.

6The discussion of “persuasion mechanism” is also related to a broader scope of literature on persuasion
rules. Glazer and Rubinstein [2004] study a persuasion game with one sender and one receiver, the latter of
whom can verify the former’s report for at most one of two aspects. The persuasion mechanism, with the
objective to minimize the probability of the receiver’s decision errors, specifies a set of cheap-talk messages
for the sender to choose from, a device for the receiver to select the aspect to be checked, and a rule for
the receiver to take the final action. Glazer and Rubinstein [2006] examine a similar setting but allow the
receiver to randomize at the final stage of the decision. Glazer and Rubinstein [2006] show that there exists
a persuasion rule with no randomization, and all optimal rules satisfy ex-post optimality.



Third, on comparing the two communication environments, we emphasize the strategic
voting effect of receivers upon observing private signal realizations. The existing voting
literature has extensively discussed how private information affects the quality of collective
decisions. Austen-Smith and Banks [1996] (and Feddersen and Pesendorfer [1998]) point
out that, as a challenge to the Condorcet Jury Theorem, it is not rational for each voter
to vote only according to his private signal. A rational voter has to take into account the
information revealed by the event of one’s vote being decisive’. Feddersen and Pesendorfer
[1997] analyze a general voting model in which voters have heterogeneous preferences and
receive noisy private signals from different information services. Feddersen and Pesendorfer
[1997] fully characterize the voters’ equilibrium voting behavior and demonstrates that a g-
rule voting fully aggregates information despite the fact that the fraction of voters who vote
informatively decreases to zero as the electorate grows to infinity. Gerardi and Yariv [2007]
considers a committee voting with deliberation. Sequential equilibria exists with committee
members truthfully revealing their own private information and rationally adjusting their
votes according to other members’ information. In this paper, the information service from
which private noisy signals are generated is from the sender. The novelty is that the sender
optimally chooses from a family of information service and optimally adjusts the strength

of the signals in each state.

The mechanism design problem of our model is close to that of Caillaud and Tirole
[2007], who examines a one-sender multiple-receiver model. But the “persuasion mecha-
nism” examined in our setting is different from Caillaud and Tirole [2007]. Their paper
focuses on how an uninformed sender could sequentially persuade a group of receivers for
the approval of a project. The mechanism selects key receiver(s) to conduct a costly inves-
tigation. The sender does not possess any relevant information regarding the underlying
state. Our paper looks into the “investigation process” itself, which has not been elab-
orated by Caillaud and Tirole [2007]. We show that, as long as the sender can design
the investigation process, the difference in information transmission environments matters
even though the receivers have no investigation cost and are willing to examine the sender’s

report.

Moreover, the multi-receiver setting of our model is close to Taneva [2014], who also
investigates a designer’s optimal choice of information structure subject to agents playing a

Bayesian Nash equilibrium. She provides a complete characterization of the informational

"In defense of the Condorcet Jury Theorem, McLennan [1998] shows that, for any common interest
voting game, if with the sincere voting assumption collective decisions can successfully select the right
alternative, there exists an equilibrium voting profile with everyone responding strategically. More impor-
tantly, outcomes from all such Nash equilibria are at least as good as the ones from sincere but non-optimal
voting profiles.



design problem with agents interacting a symmetric binary-state 2 x 2 normal-form game.
Our paper examines a sender’s optimal information revelation problem prior to a voting
game with any number of players. Our model incorporates each voter’s second-order belief
regarding others’ signal observations under private signals, while Taneva [2014] does not
consider such higher-order belief effect. Our results show that the second-order uncertainty
in players’ beliefs serves as a key factor for the outcome difference between public and

private persuasion.

2 Model

2.1 Setup

We analyze a Bayesian persuasion model with one sender (“she”) and n receivers (“he”).
Players’ payoffs depend on the state of the world ¢t € T' = {«, 5} and the receivers’ collective
decision. We assume that the common prior probability distribution over T" are prob(a) =
p,prob(8) = 1 — p, where p € [0,1]. The collective decision is determined by voting,
with alternatives denoted by {A, B}. Each receiver i casts a vote v; € {A, B}. Votes are
aggregated by g¢-rule, which characterizes the minimum number of votes m € {1,...,n}

needed to implement alternative B%:

B, if {j:v;= B} >m;

A, otherwise.

(V1 .y Uy M) = {

Let u¥(v,t) and uff(v,t),i = 1,...,n denote the utility that the sender and each receiver
derive from the implementation of the collective decision v in state t, respectively. We

assume the sender’s utility is state-independent:
u?(B,t) > u’ (A t),Vt €T

which means the sender always prefers alternative B being implemented regardless of the

state t. The receivers, on the other hand, have state-dependent utilities.

uR<BJB) > U“ZR(Aaﬁ)Jqu(AJO‘) > U?(B,O&),Vl - ]-7'”7n

(3

8We discuss all possible g-rules, where ¢ = ™ including simple majority (m =

, super-majority
(2 <m < n), and unanimity (m=n). Notice that, under the g-rule, the final decision is A if and only if
at least n — m + 1 receivers vote for A. A receiver considers others’ votes to be a tie when there are m — 1

votes for B and n — m votes for A.

243



Receiver ¢ prefers alternative A in state o and B in state 8. And we allow heterogeneous
preferences for different receivers, who might derive different levels of utility from each of
the implemented alternatives and assign different levels of utility loss to incorrect decisions.
Namely, given the state ¢ and final decision v, uf(v, t) # ul(v,t),for j # i. Notice that all
players’ payoff structures are common knowledge; nevertheless, the receivers do not observe
the true state of the world.

The timing of the game is as follows. The sender sets up a signal-generating mech-
anism, which consists of a family of conditional distributions {7 (-|t)}ser over a space of
signal realizations S = {a,b}°. The receivers get informed of {m(:|t)}scr. Then Nature
determines the true state t, which is privately observed by the sender. The sender applies
the conditional distribution in state ¢ to generate noisy signal(s) and truthfully reveals the
generated signal(s) to the receivers. Upon observing the signal(s), receivers cast votes si-
multaneously, and the final decision is determined by a ¢-rule specified above. The timeline

of the game is illustrated in Figure 1.

Nature determines the state Vote and
and investigation carried out payofts realized
[ @ @ L
Sender chooses Receivers
investigation process observe signal(s)

Figure 1: The Timeline of the Game

Note that different from traditional persuasion-game models, the sender does not have
direct control over what the receivers might observe; instead, she tries to influence the
receivers’ decision by setting up a signal-generating mechanism. This can be interpreted
as the revelation of the whole investigation process, such as conducting experiments, gen-
erating primary data, or running tests. Both the investigation process being employed and

the evidence emerged are communicated truthfully to the decision-makers.

We compare the impacts of the sender’s persuasion in two different institutions. Specif-
ically, we are interested in the channel through which the generated signal realization(s)
are transmitted once the persuasion mechanism is established. We investigate two types of

persuasion:

- Public persuasion: the sender’s choice of {7 (:|t)}ter is commonly known to all re-

ceivers. The generated signal realization s € S, is also public information. All

9Notice that the sender chooses this set of conditional distributions before she observes the true state.
We generalize the signal realization space to S = [0,1] in Appendix 6.

8



receivers observe the same signal.

- Private persuasion: the sender’s choice of {m(-|t) }ier is commonly known to all re-
ceivers. The signal realizations, drawn from the mechanism independently, are ob-
served by each receiver separately and privately. A receiver will observe either s = a
or s = b, but not both.

2.2 Strategies and Equilibrium

This section specifies each player’s strategy and the receivers’ beliefs upon being in-

formed of the signal-generating mechanism and observing the signal realization.

- The sender’s strategy is to choose a family of conditional distributions {7 (:|t)}ier
from F = {{n(:|t) }ter|m : T — AS}, each element of which is a mapping from the

state space to the simplex over the signal realization space.

- Each receiver’s strategy, o; : F x S — A{A, B}, is a mapping from the Cartesian
product of the collection of conditional distributions and the signal realization space

to a simplex over voting alternatives'®.

- Each receiver’s belief, y; : F x S — AT,i =1, ...,n, is a mapping from the Cartesian
product of the collection of conditional distributions and the signal realization space

to a simplex over the state space.

Similar to in Kamenica and Gentzkow [2011a], we adopt subgame perfect equilibrium as

the equilibrium notion here:

Definition 1. We define the equilibrium ((7*(-|a), 7*(-|B)), oF, ..., o) of the multi-receiver
Bayesian persuasion game as a subgame perfect equilibrium with no weakly dominated

strategies:

- Given (0%,...,07), Vt € T, (7*(-|a), 7*(-|3)) is the mazimizer of EU®(v,t)

- Given the sender’s choice of (7*(-|a), 7*(-|8)),

107t is worth noting that the strategy space in our setting is different from the one(s) in cheap-talk
games (Crawford and Sobel [1982], Green and Stokey [2007]). In the latter, the sender also chooses a
family of signalling rules, which specifies a probability distribution over the message space in each state.
The key difference is that, in cheap-talk models, the receiver(s) only observes the realized message(s), not
the sender’s choice of the family of signalling rules. But in our model the receivers observe both.

9



- Each receiver’s vote, Vi € {1,...,n},¥s € S, o} (7*(-[t), s) = arg max,, E,-(Uf(v,t)),

where v 1s aggregated from v, i = 1,...,n via a g-rule

- Each receiver’s posterior belief derives from the above-specified strategies via

] ‘ * _ __ m(sltp(t) '
Bayes’ Rule, i.e. pf(tls) = Sy IO where p(t) denotes the common prior
over T’

- None of the receivers use weakly dominated strategies.

We assume that a receiver votes for B when he is indifferent between the two alternatives
under the measure of his posterior belief x;. Thus, with a binary signal realization space,
we can restrict our attention to pure strategy voting profiles with a typical form (v, ..., v¥).

oy Up

More discussion about the voting behavior when space S is continuous is in Section 6.

A useful remark here is that in a subgame perfect equilibrium defined above, the exclu-
sion of receiver ¢’s weakly dominated strategies implies receiver i’s adoption of a “threshold
voting” strategy. Denote i’s posterior beliefs ", ,uf for any given signal realization s gener-
ated by {7 (:|t) }ser. This receiver’s expected payoffs from voting for each of the alternatives

are:

B - wi(B, B) + uf - ui(B, )
A (A, B) + - ui(A, @)

where ,uf + uy =1 for any given s. We say receiver ¢ adopts a threshold voting strategy if

he votes for B if and only if

=g
76) - u’L(B? Ck) - uz(Aa 5)
We define, for receiver i, a threshold doubt g; as a threshold value for the posterior belief
above which this receiver will vote for B. We write the order statistics of the receivers’

threshold doubts as ¢; < ... < ¢, and relabel the corresponding receivers as Ry, ..., R,.

Non-weakly—dominated—strategy implies threshold voting for the following reason. Sup-
pose receiver ¢ does not adopt the threshold voting strategy. Suppose he observes realization
s and his posterior belief ,uf is greater than the threshold doubt ¢;; yet he votes for A. If
this is part of an equilibrium in which ¢’s vote is not pivotal, then given other receivers —i’s
strategies in such an equilibrium, receiver ¢ cannot be worse off by voting for B instead.
And among all other strategy profiles of other receivers —i, this receiver i’s vote will be

pivotal given some strategy profiles of —i’s. In this case, receiver 7 is strictly better off by

10



voting for B instead. Thus, when receiver ¢ has posterior belief exceeding his threshold
doubt (i.e. pl > ¢;), voting for B weakly dominates voting for A. Therefore, in any sub-
game perfect equilibrium that excludes the use of weakly dominated strategies, a receiver

adopts the threshold voting strategy.

The above argument also implies, when one’s vote is not pivotal, a receiver still adopts
the threshold-voting strategy. This means receiver ¢ votes for one of the alternatives by
comparing his ¢; with posterior belief ,uf given his own signal realization s. Fix a voting
rule m/n, a receiver’s vote is not pivotal when at least an m—majority vote for B, or
at least an n — m + l-majority vote for A. Suppose in the voting subgame, all other
receivers vote for A; thus receiver i is not pivotal. For any signal realization s, suppose the
corresponding posterior belief ,uf > ;. This receiver i could have voted for A regardless
of his belief, given all others’ voting behavior and the fact that his own vote could never
be decisive. Nevertheless, as argued above, voting for A regardless of one’s posterior belief
uf is a weakly dominated strategy, which is excluded from the equilibrium concept defined

above.

Yet it is possible that the all-receivers—vote—for—A strategy profile constitutes an equi-
librium in the voting subgame. Every receiver votes for A not because one’s own vote is
never pivotal in such a situation; rather, it is sequentially rational when everyone follows
the threshold-voting strategy. Suppose receiver i’s posterior belief satisfies ,uf < @; given
the signal realization s when all other receivers vote for A. Then the use of non—weakly—
dominated—strategies implies this receiver voting for A, which is in accordance with the

threshold-voting strategy.

2.3 Preliminaries

This section provides preliminary analysis for the receivers’ and the sender’s problems,
respectively. Two assumptions are specified before we proceed to the equilibrium charac-
terization. One is on the receivers’ preferences; the other is the monotone likelihood ratio

property of the sender’s signal-generating mechanism.

First, as assumed above, the sender prefers B to be implemented regardless of the state
t. To demonstrate the sender’s net benefit from either type of persuasion, we focus on the
more interesting scenario in which the receivers’ collective decision without the sender’s
persuasion is always v = A. This means that at least n —m + 1 receivers’ threshold doubts

are sufficiently high such that they would always vote for A based on their common prior.

11



Formally, we assume:

Assumption 1. Without the sender’s persuasion, if the receivers were to cast a vote based
on the common prior probability distribution over T, there will be less than m wvotes for

option B, 1.e.

(1—=p)-w(AB)+p-u(Aa)>(1—p) u(B,B)+p w(B,a)ic{mm+1,..,n}

This is equivalent to a more convenient notation, 1 —p < ¢;, for all m <7 < n. We call

A the receivers’ default collective choice.

Next, we simplify the sender’s problem. The sender derive utilities from each of the
final decision v € {A, B} as:

EU® = u®(B,t) - Prob(v = B) + u®(A,t) - Prob(v = A),Vt € T

where Prob(v = A) = 1 — Prob(v = B) for each t. Thus the sender’s problem reduces to

choosing {7 (:|t) }ter to maximize the probability that the voting outcome is B, since:

{ %I‘lé)i}X EU® =u®(A,t) 4+ (u”(B,t) —u®(A,t)) - Prob(v = B),Vt € T (1)
(|t teT

where all other terms besides Prob(v = B) are constant. Note that the voting rule and
Assumption 1 imply that this event occurs only when at least m receivers are persuaded
to cast their votes to the non-default alternative B after observing the mechanism’s signal

realization(s).

The following assumption restricts our attention to a specific family of signal-generating

mechanisms:
Assumption 2. The signal-generating mechanism {m(-|t) er satisfies monotone like-

lihood ratio property (MLRP thereafter) if

m(s'[t)
(st

>
tlll-

for every s > s and t >

With a binary state space T' = {«, 3}, the sender’s choice of a family of conditional

"Notice that a mechanism {r(-|t)};c7 with ;((;‘Itt,)) = :((;,ll‘tt,)) generates each signal s € S with the same

probability in every state. It can be easily shown that the receivers vote according to the prior probability
distribution in this case.
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distributions {7 (-|t) }+er is equivalent to finding densities (7(s|a),7(s|8)). Assumption 2
implies the CDF I1(-|B) first order stochastic dominates I(s|a), i.e. II(s]8) < I(s|a),Vs €
S12. The relative likelihood of generating a favorable signal from state 3 is larger than that

from the other state.

Before proceeding to the main results of the paper, we have two remarks on the model
setup. First, it does not matter whether the sender first chooses the investigation or Na-
ture determines the true state, as long as the investigation process is truthfully revealed
to the receivers and is verifiable ex-post. The sender’s investigation specifies a family of
conditional distributions over all possible states. Second, it is crucial that the investigation
is reported to the receivers and is verifiable ex-post. The model reduces to a cheap-talk
framework if the receivers only observe the generated signal realizations but can never dis-
cover the signal-generating mechanism. In that case, the sender would adopt a mechanism
that would generate signal s = b with probability 1 in both states, and the receivers would

rationally ignore any signal observation in equilibrium.

3 Equilibrium Characterization: Public versus Pri-

vate Persuasion

In this section, we first discuss receivers’ voting behavior upon observing signal realiza-
tions, taking the sender’s persuasion mechanism {7(:|t)};er as given. Then we solve the
sender’s optimization problem and characterize the equilibria of the persuasion game under

public and private persuasion, respectively.

3.1 Receivers’ Voting Behavior

Under either type of persuasion, once a persuasion mechanism {7(-|¢) }ser is chosen and
signals realized, a typical receiver ¢ updates his belief pf via Bayes Rule and casts his vote

accordingly. It is helpful to define two concepts regarding receivers’ voting strategies:

Definition 2. A receiver votes sincerely when he mazimizes expected payoff conditional

on his own signal observation only.

12 A brief proof is included in the Appendix. And we will discuss the equilibrium characterization under
this property more extensively in Section 6.
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Definition 3. A receiver votes informatively if his vote changes according to his own

signal observation.

Under Assumption 2, informative voting is equivalent to receiver ¢ voting for B upon
observing s = b and voting for A upon observing s = a. And we call a voting strategy

uninformative if a receiver votes for B (or A) regardless of his own signal realization.

Lemma 1. Under public persuasion, if Assumption 1 and 2 hold, given any persuasion

mechanism {7 (-|t) }+er the sender has chosen:

- All receivers vote sincerely according to the same signal observation;

- There exists cutoff values g{ﬂ(_‘t)},(j{ﬁ(.m} € [0, 1] with Uiny < Qix(-t)} Such that the

)}

receivers with threshold doubt g; € [0, Diniit vote for B uninformatively, the receivers

]
)}
with qi € (@)}, 1] vote for A uninformatively, and the rest vote informatively.

- The number of receivers who vote uninformatively for B s strictly less than m.

The proof of this lemma is included in the Appendix. The first statement is obvious.
Under public persuasion all receivers have the same signal observation. Each receiver casts
vote conditional on belief updating upon this observation. The second statement indicates
that there is a portion of receivers whose threshold doubts are too large to be convinced by
a signal realization s = b. These receivers vote for A regardless of the signal observation.
Note that if the number of these receivers exceeds n — m, the final decision remains as the
default choice A. On the other side, there are receivers with sufficiently small threshold
doubts; these receivers vote for B regardless of the signal observation. In addition, the
third statement shows that there will not be too many such votes to shift the final decision

to the non-default option B with probability 1.

Next, we describe the receivers’ voting behavior under private persuasion, when each of
them observes an independent signal realization separately. Sincere voting is no longer op-
timal. A rational receiver updates belief incorporating not only his own signal observation,
but also the distribution of other receivers’ observations. Such distribution can be inferred
from the distribution of other receivers’ informative votes, conditional on this receiver’s

own vote being pivotal. We define strategic voting as follows:

Definition 4. A receiver votes strategically when he maximizes expected payoff condi-

tional on his own observation and the event that his vote is pivotal.
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Note that one’s vote being pivotal is the only situation in which his vote will ever affect
the voting outcome and his utility. Given a voting rule m/n, the event of one’s vote being
pivotal indicates m — 1 votes for B and n — m votes for A among all others” votes. If a
voting profile involves at least one other receiver voting informatively, receiver i can infer
the distribution of other receivers’ observations from the distribution of all informative

votes. Denote v(k,r) the receiver’s posterior belief ,uf when £ out of r signals are s = b:

(L—p)- (1) - (x(b]3)*(1 — =(b]B))*

Y R e ) (e O e R (R AR e U

It is also worth noting that strategic voting does not imply informative voting, or vice
versa. A receiver who votes uninformatively ignores his private observation rationally:
upon observing either signal, a comparison between his updated posterior and threshold

doubt might still lead to voting for one alternative regardless of his own observation.

The following proposition characterizes the receivers’ sequentially rational voting pro-

files in the voting subgame:

Lemma 2. Suppose Assumptions 1-2 hold and no receiver uses weakly dominated strateqy

in the voting stage. Then under private persuasion, when each receiver votes strategically,

- (No-simple-approval) the number of receivers who vote for B uninformatively is strictly
less than m; the rest n — m + 1 or more receivers either vote informatively, or vote

for A uninformatively, and

- (Multiplicity) 3 persuasion mechanism {7 (-|t)}ier which induces at least two voting
profiles (01, ..., 0,) and (01, ..., 0,) with at least one receiver i’s strateqy differs v; # 0;;
and both wvoting profiles satisfy sequential rationality given each receiver’s posterior
belief.

Corollary 1. (Common-interest receivers) When the receivers’ preferences are sufficiently
close, there exists no sequentially rational voting profile which involves some uninformative

votes for B and some uninformative votes for A simultaneously.

The proofs are included in the Appendix. Compared to Lemma 1, under private persua-
sion, the receivers become more skeptical when casting votes. This is because each receiver
updates posterior belief upon the inferred distribution of signal realizations from all in-
formative votes, not merely upon his own observation. Upon observing s = a, the event

that one’s vote is pivotal indicates some others’ observing opposite realizations s = b; thus
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uf is greater than its counterpart under public persuasion when receivers vote sincerely.
On the other hand, upon observing s = b, one’s vote being pivotal implies the presence
of realizations s = a from other receivers; thus, this receiver ¢ becomes more “skeptical”

when casting a vote for B.

We demonstrate Lemma 2 by screening over all possible voting profiles that could be
induced in the voting subgame. Given any persuasion mechanism {7 (+|t) }sc7, voting profiles

in the voting subgame can be classified into three classes:

Class 1 There are at least m receivers voting for B uninformatively;
Class 2 There are at least n — m + 1 receivers voting for A uninformatively; and

Class 3 There are m — ¢ receivers voting for B uninformatively, n —m — k receivers voting for
A uninformatively, and the rest ¢ + k receivers voting informatively, for 1 < ¢ < m
and 0 <k <n-—m.

As shown in the Appendix, Assumption 1 and 2 and the non—weakly—dominated—strategy
requirement imply that no voting profile in Class 1 satisfies sequential rationality. The first
part of Lemma 2 immediately follows. It indicates that the sender can never implement
option B with probability 1, whichever persuasion mechanism is chosen. Thus in any
sequentially rational voting profile, there are strictly less than m receivers who vote for
B uninformatively. We only need to consider voting profiles in Class 2 and Class 3 in
the subsequent analysis. The second part of Lemma 2 examines multiplicity in the voting
stage. In the Appendix, we construct a mechanism that induces either a voting profile
from Class 2, or another profile from Class 3. And as we shall show in the next section,

multiplicity affects the sender’s optimal payoffs under private persusion.

Corollary 1 extends previous results to almost-common-interest receivers. When the
receivers’ preferences are sufficiently close to a common threshold doubt ¢, the number of
sequentially rational voting profiles reduces. The remaining profiles include: all receivers
voting uninformatively for A; or n — m — k receivers voting uninformatively for A, k +m
receivers voting informatively (0 < k < n —m); or m — ¢ receivers voting uninformatively
for B, n—m-/{ receivers voting informatively (1 < ¢ < m). Hence, when the receivers share
almost—common interest, any voting profile consistent with sequential rationality does not

allow the uninformative- A voters and the uninformative- B voters to exist at the same time.
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3.2 Informativeness of Sender’s Optimal Mechanisms

This subsection characterizes the optimal persuasion mechanism under each type of
communication. Specifically, we investigate the sender’s choice of conditional probabilities
from which the signal realizations are drawn. We use the term informativeness to represent
the probability that a mechanism generates a signal realization representing the current

state.

3.2.1 Public Persuasion

Under public persuasion, all receivers observe the same signal realization. Since nobody
has any private information, the distribution of their votes reveals no additional information
regarding the true state. The final decision is B when at least m receivers vote for B upon
observing a signal realization s = b. Re-write EU° = u®(A,t) + (v’ (B,t) — u’(A,t)) -
Prob(v = B),Vt € T. Maximizing the sender’s expected payoffs is equivalent to choosing
(m(bla), w(b|5)) € F to maximize the probability of the voting outcome being v = B:

max -m(bla + 1 — (b )
r(ble)n 018) (bla) + (1 = p) - 7 (bl 5) (2)
subject to the receivers’ voting behavior described in Lemma 1. Then we have the following

proposition:

Proposition 1. Under public persuasion, the sender’s optimal persuasion mechanism gen-
erates signal s = a with positive probability in state o and generates signal s = b with

probability 1 in state 3, i.e.

Qm_<1_p>

,Trpe(b|B) =1
D) (el

Tpyplala) =

which holds for all m < n. Moreover, there are at most m receivers who vote informatively,

.. § = Qm.

The proof for this result is included in the Appendix. We make three remarks here.
First, this proposition is true for all voting rules m/n, including majority rule m = (n +
1)/2, super-majority rule (n + 1)/2 < m < n, and the unanimity rule m = n. Second,
under public persuasion there are n —m receivers with the highest threshold doubts voting
uninformatively for A. This is because the sender only needs to convince m receivers with

smaller threshold doubts to vote for B upon observing an s = b observation. More precise
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signals are needed to convince additional receivers, which lowers the sender’s expected
payoff. Third, a similar result holds for common-interest receivers, where the parameter

Gm is replaced by a common threshold doubt q.

3.2.2 Private Persuasion

Under private persuasion, each receiver observes an independent signal realization sepa-
rately. Compared to the case of public persuasion, the change in receivers’ voting behavior
affects both the constraint set and the objective function of the sender’s optimization
problem. The constraint set shrinks due to the receivers’ strategic voting. As described
in Section 3.1, each receiver becomes more “skeptical” upon observing his own realization.
He also takes into account the distribution of others’ observations whenever they vote in-
formatively. The sender’s objective function changes because she can no longer ensure that
all receivers observe the same signal realization. The number of favorable s = b signal
realizations follows a Binomial distribution. The optimal persuasion mechanism needs to

generate enough s = b realizations among all informative voters.

The proof of Lemma 2 considers three classes of receivers’ strategy profiles in the voting
subgame. Lemma 2 excludes all profiles of Class 1. The remaining two classes of voting

profiles and the corresponding sender’s problems are:

Class 2 When at least n —m + 1 receivers voting for A uninformatively, the voting outcome

remains as v = A. The probability of implementing option B is 0.

Class 3 When m — ¢ receivers vote for B uninformatively, n — m — k receivers vote for A
uninformatively, and the rest ¢ + k receivers vote informatively, (1 < ¢ < m and
0 < k < n—m), the sender chooses (7(b|a), 7(b|5)) € F to maximize the probability

ofv=DB
= (C+k i O+k—i
e ol U LI CRe
ra=p- 13 (5wl - moay

subject to the receivers’ voting strategies of Class 3'3. The objective function is continuous,

13Note that the induced receivers’ voting profiles in Class 3 need not necessarily be symmetric (Definition
7). Nonetheless, as we show in Lemma 5 in the Appendix, for each ¢ and k, a persuasion mechanism that
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and the constraint set compact. Therefore, the sender’s optimization problem is well-
defined. The following proposition characterizes the informativeness of the sender’s optimal

mechanism under private persuasion:

Proposition 2. Under private persuasion with any voting rules m/n, when all receivers
vote strategically, the sender’s optimal persuasion mechanism generates signal realizations

with probability mhg(ala), mhe(b|B) that satisfy:

Tprilala) =1 — T{/(l — q;i ;1 _p),ﬂ}gm(b‘ﬁ) =1

The proof of this proposition is included in the Appendix. Similar to Proposition 1, we
make two remarks here: first, this proposition is valid for all voting rules m/n. Second, a
similar result holds for common-interest receivers, where the parameter ¢, is replaced by

a common threshold doubt q.

Proposition 2 characterizes the informativeness of the sender’s persuasion mechanism in
any subgame perfect equilibrium under private persuasion. Note that, for all the induced
voting profiles of Class 3, the sender’s expected payoff decreases in 7(a|a) and increases in
7(b|5). The proposition indicates that, in state 3, where sender’s and receivers’ preferences
are perfectly aligned, the sender sets the persuasion mechanism with the highest precision;
the signal realization s = b which indicates the current state is transmitted without any
added noise. On the contrary, in state o with conflict of interest between sender and
receivers, the information precision declines. The noisy signal s = b is generated with
positive probability in state . Nonetheless, the sender cannot reduce the information
precision unboundedly. As a result of strategic voting, the signal s = a which indicates the
current state o has to be precise enough to convince enough receivers to vote informatively

upon each observation.

The sender faces three effects of opposing directions when choosing between persuasion
mechanisms. The first one is the information precision effect, which exists under both
public and private persuasion. Since less than m receivers would vote for alternative B
based on the common prior, the sender adopts a mechanism which could convince more
receivers to vote for B upon observing a favorable signal s = . Convincing more receivers
with higher threshold doubts requires signals with better precision in state a. This in

turn increases the probability that the receivers discover the true state and decreases the

induces a symmetric informative-voting profile yields the sender strictly higher expected payoff than a
mechanism which induces asymmetric voting profiles.
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sender’s benefit from the persuasion.

The Binomial distribution effect results from the uncertainty in realized signals
under private persuasion. Unlike public persuasion, receivers observe signal realizations
separately and no longer form a common posterior belief. If the sender adopted a mecha-
nism the same as in public persuasion, it would be less likely to implement option B: exact
m receivers are persuaded by such a mechanism and vote for B upon observing s = b;
yet B cannot be implemented unless all the m 4.i.d. observations are s = b, which is a
rare event. To offset such uncertainty, the sender could adjust the information precision
to convince more receivers to vote informatively. The probability of at least m receivers
voting for option B follows a Binomial probability distribution. It compensates the sender

for the loss from the uncertainty associated with the independent signal draws.

The strategic-voting effect is an effect stemming from the receivers’ strategic voting
behavior under private persuasion. In addition to the randomization of signal draws as-
sociated with private persuasion, this effect adds another layer of uncertainty to receivers’
posterior beliefs. As characterized in Section 3.1, a rational receiver forms his posterior be-
lief, incorporating not only his own observation, but also the inferred distribution of signals
from other receivers’ informative votes, conditional upon the current vote being pivotal.
This second-order uncertainty in receivers’ beliefs further restricts the attainability of the

upper bound of the set of sender’s optimal payoffs.

We devote the rest of this section to discussing the multiplicity of equilibrium voting
profiles under each type of persuasion. The following proposition shows that multiple
equilibrium outcomes exist under private persuasion, while public persuasion has a unique

equilibrium outcome.

Corollary 2. Under public persuasion there is a unique subgame perfect equilibrium in
which the sender establishes a mechanism that induces exact m receivers to vote informa-
tively. On the contrary, under private persuasion, there exists other equilibria in which at

least n — m + 1 receivers vote uninformatively for option A.

The proof for this corollary is embedded in the proof for Proposition 1 and 2. We make
two remarks here. First, for both types of persuasion, the corollary excludes the circum-
stances under which all receivers ignore their observations and vote for B uninformatively.
Second, under private persuasion, it is possible for all receivers to vote for A uninforma-
tively. As characterized in Lemma 2, there exists equilibrium voting profiles in which at
least n —m + 1 receivers vote for option A regardless of their signal observations. However,

such voting profiles are not part of the equilibrium profiles under public persuasion.
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Public persuasion gives rise to a common belief of all receivers. From the sender’s
perspective, the only uncertainty lies in the realized signals. In the unique subgame per-
fect equilibrium, the sender adjusts information precision of the mechanism such that m
receivers with lower threshold doubts vote informatively, while the rest n — m receivers
with more extreme preferences vote for the default option regardless of signal observation.
By setting up such a mechanism, the sender ensures herself full control over the receivers’

posterior belief upon each observation.

In contrast, the uniqueness result does not hold under private persuasion. There are two
additional uncertainties when a receiver forms posterior belief: the uncertainty associated
with an independent signal draw and the uncertainty resulted from his second-guess about
the distribution of others’ observations. Moreover, the probability of implementing option
B depends on which voting profile is induced at the voting stage. As shown by Lemma 2,
there exist multiple sequentially rational voting profiles induced by a persuasion mechanism;
those in the category of Class 2 yield the sender a payoff of 0, regardless of the realized signal
draws. Specifically, we show that the mechanism (z*, y*) which induces the sender-optimal
voting profile of Class & can also induce voting profiles of Class 2, in which more than n —
m-+1 receivers vote for the default option A uninformatively. Due to the multiplicity, private
persuasion does not guarantee the sender a strictly positive expected payoff. Because of the
two additional uncertainties, it is less effective for the sender’s signal-generating mechanism

to influence receivers’ posterior beliefs.

4 Sender’s Welfare Effects

In this section we first compare the sender’s benefit from public persuasion with that
from private persuasion. Proposition 2 and 3 provides a complete characterization of equi-
libria of private persuasion, and shows that in none of the equilibria sender’s expected
utility exceeds that of public persuasion. Moreover, we demonstrate that the welfare rank-
ing is robust to the number of signal draws. Lastly, we show a stronger and more general
result that the sender can always achieve the upper bound of the set of her expected payoffs

via public persuasion.
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4.1 Comparing Sender’s Expected Payoffs: Public versus Private

Persuasion

We re-write the sender’s expected utility as EU® = u¥(A,t) + (u®(B,t) — u’(A,t)) -
Prob(v = B),Vt € T. The maximum is attained when Prob(v = B) is maximized in
each state. Given the optimal persuasion mechanism (7*(-|a), 7*(:|5)) under each type of

persuasion, we have the following comparison result:

Proposition 3. In equilibrium, the signal-generating mechanism under public persuasion
yields the sender strictly positive benefit, while the one under private persuasion gener-
ates non-negative benefit compared to the case without persuasion. Moreover, the sender’s

expected utility under public persuasion is weakly higher than that under private persuasion:

EUpyp > u® (A1), EUpg; > u®(At), and EUpp; < EUpyg

The proof of this result is included in the Appendix. Compared to the scenario without
persuasion, the sender is weakly better off under private persuasion and is strictly better off
under public persuasion. The probability of implementing option B differs: Probpyg(v =
B) > 0 and Probpri(v = B) > 0. The first inequality is strict because of the unique
equilibrium outcome under public persuasion. The second weak inequality results from
equilibrium multiplicity under private persuasion. A mechanism (z*,y*) that induces the
optimal voting profile of Class 3 may also induce a voting profile of Class 2, where at least
n —m + 1 receivers vote for the default option regardless of their signal observations. In
this case, the sender can never implement option B, and her expected utility remains at
the minimum level u¥(A,t). Admittedly, the sender could instead choose a mechanism
(Z,7) to avoid inducing the voting profiles of Class 2. However, as shown in the proof, the
information precision in state o must increase, and the sender’s expected payoff declines
to less than that generated under public persuasion: Probpgi(v = B) < (1 — p)/¢m. In
summary, the maximum of sender’s expected utilities under private persuasion may achieve,

but would never exceed that of public persuasion.

In short, the sender is better off with persuasion mechanisms, but the benefit is weakly
less under private persuasion. Due to equilibrium multiplicity under private persuasion,
there is no guarantee for the sender to implement option B with strictly positive probability.
In contrast, under public persuasion, receivers form a common belief, which is directly
controlled by the sender’s choice of mechanism. This result describes the sender’s “cost”

of communicating in a private environment: the receivers’ strategic voting gives rise to a
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second-order uncertainty over posterior beliefs, which imposes further difficulties for the

sender to control the voting outcome via signal-generating mechanisms.

4.1.1 Multiple Draws of Signals under Public Persuasion

In previous sections we have focused on public persuasion with one signal draw and
private persuasion with n draws. A natural question is whether our results, especially the
fact that private persuasion makes the sender weakly worse off, are driven by the disparity
in the numbers of signal realizations. The answer is no, as the following part will soon
clarify. The welfare comparison is robust to the number of signal draws. In fact, there is
a unique equilibrium in which sender’s expected utility achieves the same positive level as

long as all signal realizations are publicly observable.

Consider the institution which requires the sender to choose a mechanism {7 (:|t)}ier
to draw n independent signal realizations; all receivers observe these realizations publicly.
Despite the number of trials, all other elements of the game remain unchanged. Just as in
public persuasion with one signal draw, receivers hold a common posterior belief. Denote
v(¢,n) the posterior belief u® when there are £ signals s = b out of all n signals. Assumption
2 implies that v(¢ — 1,n) < v(¢,n),Vl € {1,....,n}. A receiver i with threshold doubt ¢;
votes for B when there are more than ¢ favorable signals (s = b) out of all n signals if and

only if y({ —1,n) < q; < y({,n).

The sender chooses a mechanism such that at least m receivers will vote for B upon
observing more than a certain number (¢) of favorable signals, i.e. ¥({,n) < qn < y({+1,n).
The sender’s objective is to maximize the probability that at least { favorable signals are

generated in each state:

n

omax p- Z(W(bla))j(l — m(bla))"™

i=t

Z (b]8)) (1 — 7 (b B))"~

subject to (!7 n) < gm <Y +1,n)

Solving the sender’s problem yields the following proposition:

Proposition 4. Under public persuasion with multiple independent signal draws, the sender’s
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optimal mechanism generates signal realizations with probabilities:

Tuplale) =1 — \/ ,Tap(b]B) =1
qm " P
Moreover, the sender’s expected utility is the same as that under public persuasion with a

single signal draw.

EUJ\S/}D - EUEUB

The proof of this proposition is included in the Appendix. The first part can also be
expressed as myp(bla) = /mhug(bla), and 75 (b]3) = /Thus(B]B). Since T (bla) >
mpup(blar), the optimal mechanism generates noisy signals with higher probability in state «
when multiple signals instead of a single one are drawn. Compared to public persuasion with
one signal draw, the signals become less precise in the state in which the players’ interests
are mis-aligned. Moreover, as n — oo, myp(bla) — 1, which means the informativeness of

the mechanism drops drastically as the number of trials grows.

The second part of the proposition shows that the sender achieves the same level of
expected utility as she does under public persuasion with a single trial. The reason is
that, as long as the information channel remains public, receivers form a common posterior
belief. Since drawing multiple signals increases the probability of observing the unfavorable
signal realizations s = a, the sender offsets the potential loss by reducing the information
precision. Therefore, requiring the sender to reveal the results of n trials does not make

her worse off.

It is also worth comparing public persuasion with n signal draws to private persuasion,
as both have the same number of i.i.d. signal realizations. The only difference is that, in
the former case, all receivers observe the same n realizations, while in the latter situation,
each receiver observes a separate realization privately. For any voting rule m/n, we have

the following comparison:

Corollary 3. Compared to private persuasion, under public persuasion with n independent
signal draws, the sender’s optimal mechanism generates less precise signals in the state

where the sender’s and receivers’ preferences are mis-aligned:

Tuplale) < mpglale)
And the sender’s expected utility of generating n signal realizations under public persuasion
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weakly dominates that under private persuasion:

EU]\S/'[D > EUERI

The first part of the corollary shows that, in state «, the informativeness of the sender’s
optimal mechanism is higher under private persuasion than that under public persuasion
with n independent signal draws. When the sender knows that n trials would be examined
publicly, she will optimally choose a mechanism that generates noisy signal realization with

higher probability in state o where players’ interests are mis-aligned.

The second part of the corollary indicates that the sender still weakly prefers public
persuasion to private persuasion when the institution requires her to generate the same
number of independent signal realizations as in the private environment. The sender has
to reveal all the n realizations publicly and truthfully; notwithstanding, keeping the infor-
mation transmission channel public helps the sender to achieve higher expected payoffs.
In contrast, revealing n signal realizations privately to each receiver one at a time cannot

guarantee the sender a maximum level of benefit.

Our results also provide an answer to the following question: suppose n pieces of ev-
idence would be examined by a group of receivers, and the sender is allowed to choose a
communication channel to present the evidence. Should the sender show the n pieces of ev-
idence to all the receivers publicly, or each piece to each receiver privately and separately?
Clearly, the sender prefers the former. Given the requirement of the institution, the sender
would adjust the signal-generating mechanism before the receivers observe the realizations.
Public persuasion, regardless of the number of signal draws, guarantees the sender a payoff

as the upper bound that any equilibrium outcome under private persuasion could achieve.

4.2 Public Persuasion and the Upper Bound of Sender’s Ex-
pected Payoffs

In previous sections, we have shown that the sender’s expected utility is higher under
public persuasion. In this section, we present a stronger result: public persuasion helps the
sender to achieve the “highest possible payoft” for any given common prior p. Specifically,
we drop Assumption 1 and show that the sender can always attain the concave closure of
the set of her possible payoffs under public persuasion regardless of the number of signal

draws.
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The following figures illustrate the sender’s sets of possible payoffs as a function of
the common prior p. The blue line in Figure 2 represents the sender’s expected payoff
without persuasion. When at least m receivers’ threshold doubts are sufficiently low, i.e.
p < 1 — @m, the collective decision is B even without the persuasion. So the sender gets
Prob(v = B) = 1. However, when p > 1 — ¢,,, the sender gets Prob(v = B) = 0. Thus the

sender’s expected payoff is discontinuous at p =1 — g,,.

: . %, Sender's highest
S \

. possible payoff

Yy given prior P

0 —gnp 17 0 —gnp 1

Figure 2: Sender’s expected payoffs without Figure 3: Sender’s expected payoffs under
persuasion public persuasion: the convex hull

The dashed blue line in Figure 3 illustrates the sender’s payoff increment under public
persuasion. To formally establish the result, we first define the concave closure of the graph
of EU® as:

Definition 5. Denote A as the concave closure of EU®:
A(p) = sup{u : (p,u) € co(EU®)}

where co(EU®) is the convex hull of the graph of EU®.

Then we have the following result:

Proposition 5. For any voting rule m and any p € [0, 1], under public persuasion the
sender achieves an expected payoff on the concave closure of the set of all possible payoffs,
1.€.

EU}EUB@) = A(ﬁ)

Moreover, this result remains unchanged when the sender is required to draw multiple signal

realizations.

The proof of this result is included in the Appendix. Compared with the sender’s payoff

without persuasion in Figure 2, it is easy to see that, with public persuasion, Vp < 1 — ¢y,
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the sender’s payoffs remain the same; while Vp > 1 — ¢,,, the sender’s expected payoffs
lie on the dashed blue line in Figure 3. The probability of getting her preferred voting
outcome is Prob(v = B) = qim(l — p). In other words, public persuasion helps the sender

to achieve the concave closure of the convex hull of the sender’s set of possible payoffs.

It is also worth noting that the uniqueness of the supremum guarantees the uniqueness
of the sender’s optimal payoff for each given p € [0, 1] under public persuasion. This is also
true for the case in which multiple signal draws are generated. This is because signals under
public persuasion always give rise to a common belief about the unknown state of the world.
It does not matter whether all receivers observe a single signal draw or observe a series
of signal draws. In this situation, the sender can appropriately choose a state-dependent
persuasion mechanism to manipulate the common posterior beliefs. Her optimal mechanism
generates noisy signals so that the posterior belief upon a signal realization s = b is just
above the m-th threshold doubt ¢,,.

Notice that the concave closure of the convex hull of the payoff set is the highest possible
the sender is able to achieve. As shown in previous sections, adding any private element
worsens the sender’s welfare. A combination of public and private persuasion also makes

the sender worse off.

4.2.1 Comparative Statics: Voting Rule and Sender’s Expected Payoffs

At the end of this section, we present a comparative-static result of the sender’s optimal

payoff with respect to the voting rule m/n.

Proposition 6. The sender’s expected payoff from the optimal persuasion mechanism de-

creases as m/n, the proportion of votes required to implement option B, increases.

The proposition results from the fact that Prob(v = B) decreases as the “cutoft”
receiver’s threshold doubt increases from ¢, to ¢p.i, Vi > 0. Intuitively, as the voting
rule shifts from majority to super-majority, the sender needs to persuade more receivers
with higher threshold doubts to vote for option B informatively. More precise signals are
needed in order to convince these receivers. According to the information precision effect,

the sender’s optimal payoff from persuasion declines.
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5 Receivers’ Welfare

5.1 Receivers’ Decision Errors and Welfare

In this section, we compare the receivers’ welfare under public persuasion with that un-
der private persuasion. Specifically, receivers’ welfare is measured as the sum of utilitarian

social welfare functions weighed by the probability of each type of decision error:
1 1
W=—. i(B,«a) - Prob(v=B — - (A, ) - Prob(v=A
T ulBa) Probo = Bla)+ > (4. ) - Probfo = Al

Without loss of generality, we can normalize receivers’ utilities from correct decisions to
u;(A, ) = uy(B,B) = 0. Then the above expression becomes the weighted average utility
losses from mistaken decisions. Given a voting rule m/n, term Prob(v = Bl«) equals the
probability of at least m receivers voting for B in state «, and term Prob(v = A|f) equals
the probability that at most m — 1 receivers vote for B in state 3 so that the default option

remains as the voting outcome.

Under public persuasion, the equilibrium uniqueness leads to a unique negative level
of receivers’ welfare. Under private persuasion, however, equilibrium multiplicity results
in different levels of welfare, depending on the voting profile being induced in the specific
subgame. As we shall demonstrate in the first part of the following proposition, receivers’
welfare from all subgame perfect equilibria under private persuasion is no less than the

welfare under public persuasion.

Moreover, if receivers suffer from a constant welfare loss under public persuasion with
one signal draw, a natural question is whether their decision quality and welfare could
improve when more independent signals are drawn and observed. Particularly, when the
number of such independent trials increases to n, the number of signal observations under
private persuasion, will the receivers’ decision quality be as good as that under private
persuasion? The second part of the following proposition provides a negative answer to

this question.

Proposition 7. Receivers achieve a weakly higher welfare level under private persuasion
when the m-th receiver’s threshold doubt q,, is below the arithmetic mean of all receivers’
threshold doubts:

Wprr > Wpyp if and only if g, < ZQZ/TL

=1
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Moreover, the receivers’ welfare under public persuasion with multiple signal draws is the

same as that under public persuasion with a single signal draw:

WMD = WPUB

The proof of this proposition is included in the Appendix. The first part of the propo-
sition shows that receivers are weakly better off under private persuasion as long as the
value of ¢, does not exceed the average of all others’ ¢;’s. In terms of decision quality,
the probability of decision errors is higher under public persuasion and lower under private
persuasion. Note that the sender’s and the receivers’ interests are perfectly—aligned in state
[ and completely mis-aligned in state «, while the sender’s optimal mechanism maximizes
the probability of s = b being generated in both states. In the unique equilibrium of public
persuasion or the Class-3 equilibrium of private persuasion, sender’s optimal mechanisms
maximize receivers’ type I error Prob(v = B|a) while minimize type II error Prob(v = A|p).
Furthermore, receivers achieve a different welfare level if the uninformative voting profiles
of Class 2 is induced in equilibrium. In this situation, the sender’s mechanism fails to ma-
nipulate the likelihood of either type of error. The probabilities of decision errors declines,

and receivers’ welfare improves as long as ¢, is below the threshold level.

The second part of the proposition indicates that the receivers’ welfare remains at the
same level as the number of signal draws increases under public persuasion. Increasing the
number of trials does not help receivers to reduce decision errors. The reason is that, as
long as the persuasion channel remains public, receivers have no private information which
might be revealed by others’ votes in equilibrium. Drawing multiple signals increases
the probability of the receivers observing unfavorable signals (s = a), and the sender
will optimally adjust the information precision to avoid generating unfavorable draws too

frequently.

In short, receivers make a better decision under private persuasion when the value of
the m-th voter’s g, is relatively small. This result captures the receivers’ “benefit” from
communicating in a private environment: when voting strategically, receivers update pos-
terior beliefs based not only on their own private signals, but also on additional information
revealed by others’ equilibrium votes. Under public persuasion, however, publicly observed
signal draws lead to a common belief of all receivers, which excludes the possibility of

inferring additional information from others’ voting behavior.

On the other side, receivers’ benefit from private persuasion is also limited: the welfare-
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improving effect of private environment does not exist if the m-th threshold doubt ¢,
exceeds the average threshold doubts of all receivers. In this situation, a receiver interprets
the differences in each others’ votes more as a consequence of heterogeneous preferences
but less as a result of strategic voting with private signal observations. This result also
indicates that private persuasion becomes socially undesirable if ¢, is too high. Receivers
can no longer benefit from smaller decision errors of private persuasion, while the sender

always achieves higher welfare under public persuasion.

5.2 Voting and Information Aggregation under Private Persua-

sion

Under private persuasion, it is also worth examining the effectiveness of voting as a
mechanism for aggregating receivers’ private information. Traditional voting literature
on information aggregation considers each voter privately observing a noisy signal from a
neutral information service, usually Nature (Austen-Smith and Banks [1996], Feddersen and
Pesendorfer [1998], McLennan [1998], Feddersen and Pesendorfer [1997]). In our setting,
it is a biased sender who establishes an information service and generates noisy signals.
As we have shown, the sender chooses from families of information service and optimally

adjusts the precision of the signals in each state. We have the following result:

Corollary 4. As the number of receivers n — oo, in the subgame perfect equilibrium
which yields the sender the highest expected payoff, m-majority voting selects option B with
probability 1 in state 5, while the probability that m-majority rule fails to implement option

A in state « is bounded away from 0.

This corollary follows directly from Proposition 7. It indicates that voting fully ag-
gregates the receivers’ private information in state [, if not necessarily in state a. As
characterized above, in the equilibrium where the sender’s optimal symmetric voting pro-
file is induced in the voting subgame, Prob(v = B) = 1 when ¢ = 5 and Prob(v = 4) < 1
when ¢t = «. This is because the sender’s optimal mechanism generates the most precise
signals in the state where sender’s and receivers’ preferences are perfectly—aligned, whereas
the mechanism generates noisy signal s = b with strictly positive probability in the state
where preferences are mis-aligned. As the size of committee grows, the sender adjusts the
information precision such that the probability of implementing option B in state a re-
mains strictly positive. In summary, full information aggregation may fail in some states
if the information service is provided by a biased sender, whenever preferences are not

perfectly—aligned.
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6 Extension: Generalization of the Signal Realization

Space

In this section we generalize the signal realization space to a continuous space, S =
[0,1]. We characterize the receivers’ voting behavior and then discuss the sender’s optimal

persuasion mechanisms in equilibrium.

A strategy for the sender is to choose a family of conditional distributions from F =
{m(-|t) }ter each element of which maps from the state space T' to the simplex over S. A
strategy for receiver i is a measurable mapping o; : F x S — A{A, B}, where o;(s;;7)
denotes the probability that this receiver votes for § upon observing signal s; from [0, 1].
Specifically, we are interested in a class of voting profiles where each receiver adopts a cutoff

strategy:

Definition 6. A receiver’s voting strategy o; is called a cutoff voting strategy if 3s; € [0, 1]
such that

o—z-<s>:{ cuees

0, if s <3

In addition, we drop Assumption 1 and impose the following restriction on the sender’s

signal-generating mechanisms:

Assumption 3. There exists § € [0,1] such that Vs < s,

(
(s

<
a) 1l—p 1—gn

m(s|B) P Gm
m(s|

Next we show how the cutoff signal §; is determined and what properties it satis-
fies. Given a voting strategy o;, the probability that receiver i votes for B in state « is
fo o:(s)p(a|s)ds and the probability that i votes for B in state (3 is fo oi(s)u(b|s)ds. The

probablhtles that receiver ¢ is pivotal in state o and in state § are as follows, respectively:

Papvie) = 3 (T womtalapas) TT (] (1 =aiehutalss)

|M|=m—1,igM jeM 7O JEM g

SRCEEEED SN ) (§ RACTERTEN § (Y AEOIIERES)

\M|=m—1,i¢M jeM “O JEM jF#i
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For receiver 4, define

Aloi,s) = Py(piv|a) - m(sla) - g; - p = Pi(piv]B) - 7(s]B) - (1 = ;) - (1 = p)

Similar to Duggan and Martinelli Duggan and Martinelli [2001], we have the following

lemmas:

Lemma 3. Given the voting profile o_; of all other receivers, a strateqy o; is a best response

for recewver i if and only if

oi(s) =

1, if Alo_;,5) <0
0, Zf A(O',Z‘,S) >0

Moreover, it is equivalent to the following cutoff strategy

N 1, ZfS > S;
oi(s) = , _
0, ifs<s;
where 5; = inf{s € [0,1]|A(c_;,s) < 0}

Lemma 4. The cutoff signal s; is monotone increasing in the receiver’s threshold doubt

q;. Moreover, the cutoff signal §; is monotone increasing in the ratio of the conditional

probability density functions :EZ"Z;,VS € [0,1].

The proofs of both lemmas are given in the Appendix. It follows directly that the cutoff
signal values satisfy 0 < §; < ... <, < 1. All receivers vote for A when s € [0, $;] and
vote for B when s € [§,,1]. For signal realizations s € [$7, §,,], the number of receivers
who vote for each alternative varies. Thus under public persuasion the sender chooses a
persuasion mechanism which maximizes the probability of a signal realization s such that
Sm < s < 1. Under similar lines of reasoning as Proposition 3.2.1, we have the following

result:

Proposition 8. Under public persuasion with a continuous signal realization space S =
[0, 1], suppose the receivers adopt cutoff voting strategy described in Lemma 3. Then for
any voting rule m and any common prior p € [0,1], the sender can achieve the expected

payoffs on the concave closure of the set of all possible payoffs, i.e.

EUgUB(]?) = A(p)

where A(p) is defined in Section 4.2. The proof of this result is included in the Appendix.
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7 Conclusion

This paper analyzes a Bayesian persuasion game with one sender persuading multiple
receivers. We compare public persuasion in which both the sender’s choice of mechanism
and the generated signals are observed by all receivers publicly, to private persuasion in
which the former remains commonly known while the latter is drawn independently and
separately for each receiver. Public persuasion gives rise to common belief of all receivers.
There is a unique subgame perfect equilibrium in which the sender establishes a mechanism
to persuade just enough receivers to vote informatively upon a sender-favorable signal re-
alization. Under private persuasion, in contrast, the sender no longer has full control over
the receivers’ posterior beliefs. By setting up a persuasion mechanism, the sender has
to balance over the information precision effect, the Binomial distribution effect, and the
strategic voting effect. There exist multiple equilibria under private persuasion, some of
which involve a sufficiently large portion of receivers voting for the default option uninfor-

matively.

Our results indicate that there is a cost for the sender to communicate in a private
environment. We find that the sender is weakly better off under public persuasion. In
fact, the sender can always achieve the upper bound of the set of her expected payoffs via
public persuasion. In addition, we show that the distinction between public and private
persuasion is not driven by the disparity in the numbers of signal realizations. The sender’s
welfare ranking is robust to the number of signal draws. If n pieces of evidence would be
examined by a group of receivers, the sender would prefer showing all the n pieces to all

receivers publicly to showing each piece to each receiver privately.

Our results also indicate that receivers’ benefit from a private communication environ-
ment when the value of the pivotal voter’s g, is relatively small. It results from the re-
ceivers’ strategic voting under private persuasion. On the other hand, the welfare-improving
effect of private environment is limited: receivers’ benefits diminish as the m-th receiver’s
preference bias exceeds the arithmetic mean of all others’ threshold doubts. Moreover,
voting fully aggregates the receivers’ private information in the state where the sender and
the receivers’ preferences are perfectly aligned, while full information aggregation may fail

in other states.
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8 Appendix: Proofs and Calculations

8.1 The Implication from the Monotone Likelihood Ratio Prop-
erty

Observation 1. For any signal-generating mechanism {m(-|t) lier that satisfies the Mono-
tone Likelihood Ratio Property, with a binary state space T = {«, 5}, the CDF II(-|5) first

order stochastic dominates II(+|«).

Proof The MLRP implies that for every s > s’ and t > t/,

m(s']t)
(s |t")

>
given any s* € S,

- if s* < s, we have

m(s|B) - m(s*|a)

so that / m(s|B) - w(s*|a)ds
SES,s*<s

implies 7(s*|a) - (1 — TI(s*|5))

v

m(s*|8) - m(s]a)

/ (s°18) - 7(s|a)ds
SES,s*<s

m(s*8) - (1 = II(s"[a))

v

Vv

- if s* > s, similarly we have

m(s7|a) - H(s*[B) < 7(s*|B) - I(s"|ev)

Therefore we have Vs* € S,

I(s*|B) _ m(s*]B) 1 —TI(s*[B)
M(sa) = 7(s'la) = T—Ti(s"|a)
implies TI(s*|3) < TI(s%|)

The last inequality indicates that II(-|3) FOSDs II(s|o). We replace [ with > in this

exercise when S is finite.
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8.2 Proofs for Lemmas, Observations, and Propositions
8.2.1 Proof of Lemma 1
Fix a sender’s persuasion mechanism {7 (:|t)}er. Let 2 = 7w(bla) and y = = (b|5).

Assumption 2 is now equivalent to y > x. Receiver i’s posterior belief p(/3|-) upon observing

each signal realization is

(1—y)(1—p)
wBl) = AT a—90=p)
y(1—p)

S )

First notice that u(f|a) < u(S|b) under Assumption 2. As shown in Section 2.3, a receiver
i votes for B if and only if u(3]-) > ¢;. Therefore take ¢ = pu(5|b) = #{f_)p). It is obvious
that g € [0,1]. For all receivers with ¢; < g, we have ¢; < u(8|b), which indicates that these
receivers will vote for B on signal s = b. For the receivers with ¢; > ¢, we have ¢; > p(3|b),

which means they votes for A on signal s = b.

Note that this lemma does not exclude the possibility that some receivers vote uninfor-
matively for B after observing either s = a or b signal realization. For receivers whose g;’s
are sufficiently small, it is possible that p(5|a) > g;. However, the following claim shows

that the portion of receivers who always vote for B will not dominate the voting outcome:

Claim: Under Assumption 1 and 2, the number of receivers who vote for B regardless

of the signal observation is strictly less than m.

Proof of the claim: We only need to show that p(/5|b) > g, implies p(Sla) < ¢, under
Assumption 1 and 2. Suppose there exists mechanism (x,y) € [0, 1]* satisfying Assumption
2 such that u(B|b) > g and pu(Bla) > ¢, This implies

(1 —p)(1 = gm) Y > o and
D dm
(1-y)(1-p) .
I-z)p+(1-y)(1-p =™
(1—p)(1—qm),(1_y>>1_x>1_(1—p)(1—qm)_y
D Gm N N P qm

It violates Assumption 1 in which ¢; > 1 —p,Vj € {m, ...,n}. Note that when the receivers

share common interests, the above derivation continue to hold when we replace ¢, with a
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common threshold doubt ¢.

8.2.2 Proof of Lemma 2

Fix a sender’s persuasion mechanism {7 (:|t)}er. Let z = 7w(bla) and y = = (b|5).

Denote ~(k, r) the receiver’s posterior belief i when k out of r signals are s = b:

(L=p)-(;) -y —y)™*
P =+ (=) () =y

v(k,7) =

Assumption 2 implies that ﬁ > %,‘v’l < k < r < n. Therefore the following hold:

vk—=1r) < (k)
y(k,r+1) < (k)

v(k,r) < y(k+1,7r+1)
v(k=1,r) < ~(k,r+1)

Moreover, given any r independent draws, suppose receiver ¢ knows that there are £ — 1
signals s = b. Then his posterior belief is p’ = y(k,r) € (0,1) if himself observes s = b
and y(k — 1,7) € (0,1) if himself observes s = a.

Under private persuasion, possible voting profiles in the voting subgame can be classified
into three classes. Below we examine all voting profiles in each class and exclude those

violating sequential rationality.

Class 1: Voting profiles involving at least m receivers voting for B regardless of own
signal observation (thereafter uninformatively). Under Assumption 1 and 2 no voting
profile in this class satisfies sequential rationality. We show this by considering the following

two sub-classes.
Class 1.1: At least m + 1 receivers vote for B uninformatively.

Denote the number of receivers who vote uninformatively for B as K. Each of the rest
n — K receivers may vote either informatively or for A uninformatively. Since K > m + 1
and m is enough to implement option B, no receiver, regardless of his voting strategy, is
pivotal. As implied by the no-weakly-dominated-strategy of the receivers, a receiver still
adopts the threshold-voting strategy when his vote is not pivotal. This receiver casts vote

by comparing the posterior belief ,uf with his threshold doubt ¢;. Moreover, when no one is
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ever pivotal, a receiver is unable to infer the distribution of others’ votes, or the distribution
of others’ privately observations, from the situation. Thus the receiver’s posterior belief is

simply 1;(B]s), i.e. the posterior belief given his own signal observation s.

In this subclass, there are K > m + 1 receivers votes for B uninformatively. It implies
v(1,1) = uk(B|b) > qx and v(0,1) = px(Bla) > qx. However, as we show above, y(1,1) >
¢m implies v(0,1) < ¢,,. Note that ¢x > ¢,,. A contradiction. Therefore this subclass of

voting profiles violates sequential rationality.

Class 1.2: Exact m receivers vote for B uninformatively. Each of the rest n—m receivers

either votes informatively or votes for A uninformatively.

For each of the m receivers who votes for B uninformatively, being pivotal indicates
that m — 1 votes for B and n — m votes for A are among all others’ votes. Besides himself,
there are m — 1 receivers voting for B uninformatively. Therefore, one observing s = a
and being pivotal implies that there is no s = b signal realization among n —m + 1 (if all
the other n — m receivers vote informatively) or less (if less than n — m other receivers
vote informatively) realizations that a receiver can observe or infer in total. And observing
s = b and being pivotal indicates that there is one s = b signal realization among n —m+ 1

or less realizations in total. For these receivers, voting uninformatively for B implies:
Y(0,x) = ¢;,7(L,x) = ¢j where 1 < x <n—m+1

For the rest n—m receivers who may either vote informatively or vote for A uninformatively,
none is ever pivotal since the m votes for B are enough to implement B regardlessly. As
implied by the no-weakly-dominated-strategy criterion, each of these receivers’ posterior
belief is simply p;(5]s), given one’s own signal observation s. And the receivers adopt the

threshold-voting strategy. These receivers’ posterior beliefs satisfy:

v(0,1) < ¢;,v(1,1) > g; receiver i votes informatively

v(0,1) < qx,v(1,1) < qx, receiver k votes for A uninformatively

Assumption 2 implies v(0, x) < 7(0,1),1 < x <n—m+ 1. Assumption 1 implies v(0,1) <
¢m when v(1,1) > ¢,,. But for this subclass to hold we need at least ¢, < 7(0,x). A

contradiction.

In summary, under Assumption 1 and 2 all voting profiles in Class 1 violate sequential
rationality. Thus we prove the first part of Lemma 2, i.e. the number of receivers who vote

for B regardless of signal observation is strictly less than m. It is also worthy noting that
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when the receivers share common interests, the above derivation holds when we replace the

heterogeneous ¢;’s with a common threshold doubt ¢.

Class 2: Voting profiles involving at least n — m + 1 receivers to vote for A uninforma-

tively. We consider the following two subclasses.
Class 2.1: At least n —m + 2 receivers vote for A uninformatively.

Denote the number of receivers who vote uninformatively for A as J. Each of the rest
n — J receivers may vote either informatively or for B uninformatively. Since J > n—m+2
and n —m + 1 is enough to keep the default option A, no receiver, regardless of his voting
strategy, is pivotal. Therefore each receiver casts his vote by comparing his threshold doubt
¢; with the posterior belief 11;(3]s) given his own signal observation s. The J receivers voting

for A uninformatively implies
~7(0,1) < gx and ~y(1,1) < g for all receiver k
For the rest n — J receivers, threshold voting implies

v(0,1) < gi,7v(1,1) > g; receiver i votes informatively

7(0,1) > gj,7(1,1) > g, receiver j votes for B uninformatively

Note that Class 2.1 includes two voting profiles in which all receivers vote regardless of
own signal observations: one involves every receiver voting for A uninformatively, and the

other involves J receivers voting for A, the rest n—J receivers voting for B uninformatively.

When the receivers share common interests, the threshold doubts ¢;’s reduces to one
parameter ¢. Since y(1,1) > ¢ implies v(0,1) < ¢, it must be either ¢ € [7(0,1),7v(1,1)], or
g <7(0,1). Only the latter holds for Class 2.1. Thus all receivers voting uninformatively
for A, namely, J = n, is the only voting profile satisfying sequential rationality for common-

interest receivers.

Class 2.2: Exact n —m + 1 receivers vote for A uninformatively. Each of the rest m

receivers either votes informatively or votes for B uninformatively.

For each of the n —m + 1 receivers voting for A uninformatively, being pivotal indicates
that m — 1 votes for B and n — m votes for A are among all other votes. Besides himself,
there are n — m receivers voting for A uninformatively. Therefore, one observing s = a

and being pivotal implies that there are m — 1 signal realizations as s = b among m (if
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all the other m receivers vote informatively) or less (if less than m other receivers vote
informatively) realizations in total. And observing s = b and being pivotal indicates that

all signal realizations are s = b. For these receivers, voting uninformatively for A implies:

Y(x = 1,%) < @, 70X, X) < @ where 1 < x <m

For the rest m—1 receivers who may either vote informatively or vote for B uninformatively,
none is ever pivotal since n—m+1 votes are enough to keep the default option A. Thus each
receiver’s posterior belief is simply u;(/3|s) given his own signal observation s. Threshold

voting strategy implies

~7(0,1) < ¢;,v(1,1) > ¢; receiver i votes informatively

7(0,1) > gj,7(1,1) > g, receiver j votes for B uninformatively

Now we consider receivers sharing common interests with threshold doubt ¢q. For n —
m + 1 receivers voting for A regardlessly, we need v(x, x) < ¢,1 < x < m. For the rest
of the receivers, ¢ < (0, 1) implies voting for B uninformatively, or ¢ € [y(0,1),v(1,1)]
implies informative voting. But v(1,1) < v(x, x). A contradiction. Thus no voting profile

in Class 2.2 satisfies sequential rationality if receivers have common interests.

Among all sequentially rational voting profiles in Class 2, suppose the receivers’ pref-
erences are sufficiently close. For all possible mechanisms that satisfy MLRP, there exists
a threshold doubt value ¢ € [1 — p,1] and € > 0 such that when all receivers’ threshold
doubts falls between the interval ¢; € [¢ —€,q + €],Vi € {1,..., N}, the only voting profile
that satisfies sequential rationality in Class 2 involves all receivers voting for A regardless

of signal observation.

Class 3: All voting profiles that do not belong to Class 1 or Class 2. This class includes
voting profiles in which m — ¢ receivers vote uninformatively for B, n — m — k receivers
vote uninformatively for A, and ¢ 4 k receivers vote informatively, for 1 < ¢ < m and
0<k<n-—m.

For each of the m — ¢ receivers voting for B uninformatively, besides himself there are
m — { — 1 receivers voting for B uninformatively. Therefore, one observing s = a and being
pivotal implies that there are ¢ realizations as s = b among the 1+ k + ¢ informative votes.
And observing s = b and being pivotal indicates that there are ¢ + 1 realizations as s = b

among the 1 + k + ¢ informative votes. For these receivers, voting uninformatively for B
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implies:
VCE+E+1) =gy +LE+04+1) =g (3)

For each of the n — m — k receivers voting for A uninformatively, besides himself, there are
n —m — k — 1 receivers voting for A uninformatively. Therefore, one observing s = a and
being pivotal implies that there are /—1 realizations as s = b among all 1+ k4 ¢ informative
votes. And observing s = b and being pivotal indicates that there are ¢ realizations as s = b
among all 1 + k£ + ¢ informative votes. For these receivers, voting uninformatively for A
implies:

Yyl—1k+0+1) <q,vl,k+0+1) < q (4)

For the ¢ 4 k receivers who vote informatively, being pivotal indicates that m — 1 votes for
B and n — m votes for A are among all other votes. Since there are m — ¢ uninformative
votes for B and n—m — k uninformative votes for A, the total number of informative signal
realizations that one can infer from pivotality is £ 4 k. Therefore, one observing s = a and
being pivotal implies that there are ¢ — 1 realizations as s = b among all informative votes;
observing s = b and being pivotal indicates that there are ¢ realizations as s = b among
all informative votes. For these receivers, voting informatively according to his own signal
observation implies:
Yl =1 k4 0) < g, vl k+1£) > g

It is worthy noting that for each given ¢ and k and some persuasion mechanism (z,y),
there may exist more than one voting profiles that satisfying sequential rationality. We

classify them as symmetric and asymmetric voting profiles:

Definition 7. A wvoting profile is symmetric if for any two receivers j,i with threshold
doubts q; < q;, (1) receiver j voting informatively implies receiver i voting informatively,
or uninformatively for A; and (2) receiver j uninformatively voting for A implies receiver
1 also uninformatively voting for A. Any voting profile that does not satisfy the above

conditions is called asymmetric.

For any given ¢ and k, consider all possible voting profiles. By Assumption 2, we have
YUl -1 k+0+1) <yl —LEk+0) <yl,k+0+1) <yl k+0) <yl +1,k+(+1).
Receivers with threshold doubts ¢; < (¢, k + ¢ + 1) vote uninformatively for B, with ¢; €
[Y(€—1,k+£),v(¢, k+£)] vote informatively according to one’s signal observations, and with
qr > v(¢, k 4+ €+ 1) vote uninformatively for A. Thus a symmetric voting profile involves
the m — ¢ receivers with the smallest threshold doubts ¢, ..., ¢,n_¢ voting uninformatively

for B, the k + ¢ receivers in the middle with ¢, _¢11, ..., @mix voting informatively, and the
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n —m — k receivers with the largest threshold doubts ¢, %11, ---, ¢, voting uninformatively
for A.

In addition, there exist some asymmetric voting profiles because v({ — 1,k + () <
vyl k+ €+ 1) < v(l,k+¢). Consider two receivers ¢; < ¢; with both threshold doubts
between y(£ — 1,k +¢) and v(¢, k+ ¢+ 1). Receiver j may vote informatively while receiver
i votes for B uninformatively. Similarly, if any two receivers with threshold doubts ¢; < ¢
between (¢, k + ¢ + 1) and (¢, k + {), receiver j may vote for A uninformatively while i

votes informatively. All such voting profiles satisfy sequential rationality.

Next we show the second part of Lemma 2 by considering multiple sequentially rational

voting profiles induced by one persuasion mechanism (Z,y) across the classes specified

above. Consider the pair & = %/(1—p)(1 —¢n)/p- qm,§ = 1. It is easy to check that
it can induce a voting profile that m receivers vote informatively, and n — m receivers
vote uninformatively for A. This is because qi, ...¢m € [J(m — 1,m),5(m, m)] and @41 >

F(m,m + 1) given (Z, 7).

In addition, this mechanism (z,¢) can also induce the voting profiles of Class 2. Note

that m > 1 implies

1—p)1—gq,) . .

(1 —p)( Q),y<x
1—p) -4

N (1-p)-y .

p-i+(1—p)-y
= 4(1,1) < gn

Similarly, (X, X) < ¢m, ¥x < m — 1. The conditions indicate that the number of receivers
who vote uninformatively for A regardless of signal observation is at least n — m + 1, i.e.

voting profiles in either Class 2.1 or Class 2.2.

8.3 Proof of Corollary 1

We show that no voting profile in which uninformative-vote-for- A receiver(s) and uninformative-
vote-for-B receiver(s) exist at the same time when receivers’ preferences are sufficiently

close.

Consider receivers share a common threshold doubt ¢q. For all 1 < ¢ < m — 1, and

all 0 < k <n—m —1, it is easy to check that the first equation in condition 3 and the
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second equation in condition 4 cannot hold simultaneously. Therefore, for common-interest
receivers, the only possible voting profiles in Class & are either £ = m, i.e. n—m—k receivers
vote for A uninformatively, and k + m receivers vote informatively (0 < k < n —m); or
k =mn —m, i.e. m — { receivers vote for B uninformatively, and n — m + ¢ receivers vote
informatively (1 < ¢ < m). Any voting profile that involves at least one receiver voting
uninformatively for A and at least one receivers voting uninformatively for B at the same

time is excluded.

Now suppose the receivers’ preferences are sufficiently close. For every possible mecha-
nisms that satisfy MLRP, there exists a threshold doubt value ¢ € [1 —p, 1] and € > 0 such
that when all receivers’ threshold doubts falls between the interval ¢; € [¢ — €,q + €], Vi €
{1,..., N}, any sequentially rational voting profile should not include the uninformative-

for-A voters and the uninformative-for-B voters at the same time.

8.3.1 Proof of Proposition 1

Let = 7(blar) and y = m(b|5) denote the sender’s choice of the conditional probabilities.
Under public persuasion, all receivers observe the same signal realization s. As shown in
Lemma 1, no receiver votes for B upon observing signal realization s = a. Upon observing
s = b, if at least m receivers vote for B, the final decision is B. This requires the receivers’
posterior belief upon observing s = b to satisfy:

y(1—p)
p(Blb) = ——————~ > qm
ap+y(1—p)
since ¢, > ... > ¢, this inequality implies that receivers {Ry, ..., R,,} will vote for B upon

observing s = b. So the sender’s problem is:

ma r,y)=p-x+(1—-p)-
WE[ODE]QQ( y)=p (L—=p)-y

y(1—p)

zp +y(1—p)
0<z<1,0<y<1

subject to > Qm

where the objective function is the sum of the probabilities that signal s = b is generated

in each state.

First notice that the g(z,y) is continuous in (x,y). The constraint set,

{(z,y) € 0, 1]%% > g} is closed and bounded in R?; thus it is compact. By
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Weierstrass’s extreme value theorem, the maximum of the objective function is attainable.

We form the Lagrangian function

y(1—p)

Ly, A) = g(wy) =M= 22mm 0

+ Gm)

the Kuhn-Tucker condition yields the following equations and inequalities:

Ap(1 —
oy A=)y 0
(pz+ (1 =p)y)
p(l—pz
R T M
y(1—p)
M———4+3qn) =0
( pryl—p) )
A>0
yl—=p) .
zp+y(l—p) ~ "
solving the equations and inequalities yields x* = W, y* = 1. In fact, the constraint

is binding, i.e. u(8|b) = ¢m.

Now we show that there are exactly m receivers who vote for B upon observing s = b.
Suppose there are only m — 1 receivers who do so. In this case the voting outcome is
always v = A in each state, which yields the sender only u®(A, t). But the sender’s optimal
mechanism yields u® (A, t)+ (u® (B, t)—u®(A,t))-g(z*,y*) > u®(A,t). Now suppose instead

there are m+1 receivers who vote for B upon observing s = b, which changes the constraint

(1—gm41)-(1—p)
dm+1-P

Umi1 = Gm, 9(2',y) < g(a*,y*). Therefore, in equilibrium there are exact m receivers who

to u(5]b) > a1 Solving the sender’s problem we get x’ = .y’ = 1. Since

vote for B upon observing s = b, i.e. ¢ = u(B|b) = ¢m.

8.3.2 Proof of Proposition 2 and 3

Let = mw(blar) and y = m(b|5) denote the sender’s choice of the conditional probabilities.
Since EU® = u®(A,t)+(u®(B,t)—u°(A,t))-Prob(v = B),Vt € T, to maximize the sender’s
expected payoffs from the persuasion mechanism, we only need to calculate the conditional
probabilities that maximizes Prob(v = B). Under public persuasion, sender’s optimal

— (=gm)(1-p)

mechanism satisfies 2pyp = —0-——, ypyg = 1. Then we have:
m

(1—qm) - (1—p)
qm - P

Probpyg(v = B) =p- +(1-p)-1
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Under private persuasion, first observe that all voting profiles in Class 2 yield the sender
an expected payoff of 0. Next we consider voting profiles in Class 3, i.e. m — { receivers
vote uninformatively for B, n — m — k receivers vote uninformatively for A, and ¢ + k
receivers vote informatively (1 < ¢ < m and 0 < k < n —m), which may may yield the
sender a strictly positive expected payoff. For symmetric voting profiles induced in the
voting subgame, the sender chooses (x,y) € [0, 1]*> to maximize the probability of at least
¢ receivers’ observing s = b of all £ + k receivers who vote informatively subject to the

following constraints:

O+k O+

(+k ; _ {4k ; i

max g(z,y) = p-[Z( . )w (1 =)t ]+(1—p)-[Z( . )-y (1 —y) ]
' i=0 i=0

subject to G-t <Y1+ k+0) < Gmiksr

7(6 — ]_,k + E) < Qm—r+1
Gk < V(6 K+ L)
0<z<1,0<y<1

Notice that the g(z,y) is continuous and monotone increasing in (z,y). The constraint set,
{(.CC, y) € [07 1]2‘Qm7€ < 7<£7 1+k+€> < Qm+k+1>7<€_17 kl_i_é) S Am—141 < Am+k < P)/(ga k+€)}
is closed and bounded in R?; thus it is compact. By Weierstrass’s extreme value theorem,

the maximum of the objective function is attainable. We form the Lagrangian function:

L(x7y;)\17)\27>\37>\47>\1‘7)\y71/x71/y) = g('ray) - /\1 : (_7(67 1 + k +€) + qm—ﬁ)
_)\2 ’ (’7(67 1+ k +€) - Qm+k+1) - )\3 : (_f}/(g,k + 6) + Qerk)
M- (Yl=1k4+0) —gmoii1) = Ao (=1 =Xy (y—=1)+vp-x+vy-y

The corresponding Kuhn-Tucker conditions are:

0 oy, 1+k+¢ oyl k+ ¢ oyl —1,k+¢
g(%y)ﬂh_&)_ V(1 +k+ )+A3' V(K + )—A4~ V(C—1k+ )_AIJFVI’:O
ox ox ox ox

dg(z,y) oV, 1+ Ek+1) vl k+0) il —1,k+10)

A — Ag) - A3 ———= — Ay - - =
oy +( 1 2) ay + A3 oy 4 oy y T Vy 0

M (=, 1 +Ek+4€)+ gme) =0

A2 (Y 1+ K+ L) = guiyr1) =0

A - <_7(£7 k + E) + Qm+k) =0

M- (Yl=1,k+0) —qms1) =0
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—vl 1+ k4+0) < =@

Y1+ k~4+0) < @ikt

(k) < —Gm

V=1, k+ 1) < gt
Neo(x=1)=0,\,-(y—1)=0,1, - 2=0,1,-y=0
0<z<1,0<y <1

ALy A2, A3y Ady Agy Ay, Vg, vy > 0

Observe that Assumption 2 and the receivers’ heterogeneous threshold doubts implies:

e The constraint y(¢,k + £) > g1k is binding = v({,1 + k 4+ {) < @nirs1 = A2 = 0.

e The constraint (¢, 14+ k+¢) > gm_¢ is binding = y({ — 1, k+0) < ¢m-r+1 = Ay = 0.

First the constraint ¢,,+x < v(¢, k4 ¢) is binding. By Assumption 2 we have the following:

Gmik < V(EJf +€)
1=p)- ("3 v 1=yt
p- ("5 a2t (M=o 4+ (L=p)- () -y (1= y)
(1=p)- (55 -yt (1= y)e!

<
pe(ly) ot (=2 (L=p) - () -y (=)t
(1=p) - (ir) v
< =y(k+L,k+1)
k+0 k+e
D (k—M) okt 4+ (1 —p)- (lc-i—é) Fyh e
Re-arrange terms, we have
1—p)(1—qm
xe~(1—x)k < (1—p)( q+k)-yz-(1—y)k
P dmik
1—p)(1—qmn
2 (1 — )t < ( i)(q H:] k) (1 — )k

bk (1 =p)(d — gmrs) L
D dm+k
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Note that all except the first one are strict inequalities. Insert the above inequalities into

the sender’s problem, and note that 357 (“%) - 4/ - (1 — )"~ < 1, we have

(2

Egera(z,y) < p-[>. (f + k) (A =p)(L = Gsr) S (1= )

it t P Admik
l+k
C+k ; i
+ (1—p)-[2( . )y (1 —y)™*
i=(
l+k
1—p (€+k> i tth—iy _ L =D
Am+k [g G ( ) ] qm+k

Thus the upper bound of function Fgpgri(x,y) is smaller than (1 — p)/¢,,, the value of
Egfug(x,y) under public persuasion. Notice that when & = 0, i.e. m — ¢ receivers vote
uninformatively for B, n — m receivers vote uninformatively for A, and ¢ receivers vote
informatively (1 < ¢ < m), the binding constraint becomes g, < (¢, ¢) and the objective

function reduces to:

Egpri(z,y) =p- (ﬁ) 2t (1—-p)- (i) -y

Meanwhile, the other binding constraint becomes v(¢,1 + ) > g, V¢ < m. Since ((1 —
p) - (1=¢qn))/(p-qn) <1, from the binding constraints we have:

Y14+ 0) = gmes, Y0, £) = Gm

gm-(1=qm—e)
1—p)(1—gqn, Tooe— — 1
:> T = £ ( p)( q ) .yandy: (1 qm)quf <1
D Gm am-(1=Gm-t) _ ¢/(1=p)-(1-gm)
(1=gm)-qm—¢ DGm
1-— 14 1-—
= EngI(x,y):—p-(£)~ye<—p,V€<m
m m

¢/ (1=p)-(1—=gm)
Pdm
value of y and Egpri(x,y) increases monotonically. This is true for all £ < m. When /¢

As the number of informative-voting receivers, ¢, increases, increases, so the

equals m, i.e. n—m receivers vote uninformatively for A, and m receivers vote informatively,

the set of constraints reduces to:

’y(m - 17 m) < ql?V(ma m) Z ms and ’V(ma m + 1) < gm+1
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It is easy to check that only the middle one is binding. The objective function maximizes

at y* = 1:
m Al =p)- (1 —qm m m m
Egpri(z,y) = p-(m)-(\/< ]Z.((; )~y) +(1—p)-<m>-y
1—p 1—p
= —y" < —— = Egpyplz,y
G Gm PUB( )

Thus there exists one subgame perfect equilibrium in which the sender chooses a persuasion

m [ (1=p)-(1=gm)
pPqm

m receivers with the smallest threshold doubts vote informatively, while the rest n — m

mechanism z* = ,y* = 1 to induce a symmetric voting profile in which
receivers vote uninformatively for A. In this equilibrium, the sender’s objective function
achieves the upper bound %, which equals the value of Egpyp(z,v).

However, as shown in the last part of proof for Lemma 2, the mechanism (z*,y*) also
induces voting profiles of Class 2. This is because for any m > 1, the posterior beliefs
satisfy v*(x, x) < 7*(1,1) < @¢m, ¥x < m — 1. Thus there are at least n — m + 1 receivers

who vote uninformatively for A, which yields the sender an expected payoff 0.

Admittedly, the sender could choose a mechanism (Z,7) to induce only the above-

specified symmetric voting profile of Class 3 but not any of the voting profiles of Class

¢ {(l‘,y) € [07 1]2|7(m_ 17m> < Q177(m7m) > Qm77(m7m+ 1) < Qerl}
N {(zy) €0, 1770 x) <7(1,1) < g, ¥x < m — 1}

~—

But then we have 2™ < % - g™, which implies Egpri(z,y) < 1q;mp = Egiug(z,y).
The mechanism that induces the specified voting profile no longer generates the optimal

expected payoff for the sender.

So far the analysis includes the symmetric informative-voting profiles in Class 3 induced
by sender’s persuasion mechanism. As we have shown in the proof of Lemma 2, there also
exists persuasion mechanisms (x,y) € [0, 1] that may induce receivers’ asymmetric voting
behavior in Class 3. Next, we shall demonstrate that, inducing an asymmetric voting profile
lowers the sender’s expected payoff: given each ¢ and k, whenever there is a mechanism
that induces an asymmetric voting profile, there exists another persuasion mechanism that

induces a symmetric voting profile which yields the sender strictly higher expected payoft.

Lemma 5. Fix ¢ and k. The mechanism that induces a symmetric voting profile yields

the sender strictly higher expected payoff than a mechanism that induces any asymmetric

47



profiles.

Proof of Lemma 5: For fixed ¢/ and k, observe that the sender’s objective function
does not change no matter the induced voting profile being symmetric or asymmetric.
Thus we only need to examine the constraint set which is derived from the receivers’
voting behavior. First consider the receivers whose threshold doubts fall in the interval
(Yl =1, k+£),v(¢,14+ k+{)]. According to the proof of Lemma 2, each of these receivers
may either vote uninformatively for B or vote informatively, as long as the value ¢ and k
remain fixed. We shall only consider asymmetric voting profiles that change the constraint
set of sender’s problem. Without loss of generality, consider two receivers with threshold
doubts ¢,,_¢ and ¢; such that v({ — 1,k +¢) < gm—v < ¢; < 7({,1 4+ k + £). Consider an
asymmetric voting profile in which the receiver with ¢,,_, votes informatively, while the

receiver with ¢; votes for B uninformatively. The constraint set changes to:
G <Y1 +Ek+0) < @ik, Y= 1Lk +0) < gy, and gmyp < y(4k + ()

where the two binding constraints are ¢; < y(¢,1 + k + ) and ¢ < v(¢,k + ¢). Since

*

Gm—v < @;, it is easy to check that the maximizers here Trsy

* * *
< xpy and yuo < yi, where

*
pri

and k. Thus we have E¢asy(2,y) < Egpi(z,y).

ry; and y5 o are the above-derived maximizers of the symmetric voting profile for each ¢

Second we consider the receivers whose threshold doubts fall in the interval [y(¢,1 +
k+0),v((, k+ ¢)]. Each of these receivers may either vote uninformatively for A or vote
informatively. Without loss of generality, consider two receivers with threshold doubts
Gm+k+1 and g; such that v(¢, 1+k+0) < ¢; < @mir+1 < 7(¢, k+L). Consider an asymmetric
voting profile in which the receiver with ¢,,1 51 votes informatively, while the receiver with

q; votes for A uninformatively. The constraint set changes to:
Gt <Y 1+E+0) < g7l =1Lk +€) < gmo—1, and gyp < 76k + 1)
where the two binding constraints are ¢, < ¥(¢,1+k+¢) and gnirr1 < (¢, k+1). Since

Gmtk+1 = Gmek, 1t 18 easy to check that Eg.s (z,y) < Qm1+;kp+1 : [Zfif (ztk) e (1—gy)Hh] <
Egpri(xv y)
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8.3.3 Proof of Proposition 4

Let = mw(bla) and y = m(b|3) denote the sender’s choice of the conditional probabilities.
All receivers observe the same n public signal realizations; thus they all have the same
posterior belief. Denote (¢, n) the posterior belief ;¥ when there are ¢ signals s = b out
of all n signals. A receiver 7 with threshold doubt ¢; will vote for B when there are more
than ¢ favorable signals (s = b) out of all n signal realizations if and only if v(¢ — 1,n) <
¢ < v(¢,n). The sender chooses the mechanism such that exact m receivers are convinced
to vote for B when there are more than ¢ favorable signals, i.e. v({,n) < g, < v({ + 1,n).
Had the sender attempted to convince more than m receivers to vote informatively, e.g.
Yln) < gme; < Y0+ 1,n),5 = 1,2,..., x would decrease and the sender’s objective

function, Prob(v = B), would decline, too. The sender’s problem is:

me;xgxy ij )"+ (1—p Zy (1—y

subject to y(¢,n) § Im <Y+ 1,n)
0<z<1,0<y<1

First notice that the g(z,y) is continuous in (z,y). The constraint set, {(z,y) € [0, 1]*|7(¢,n) <
gm < (£ +1,n)} is closed and bounded in R?; thus it is compact. By Weierstrass’s ex-
treme value theorem, the maximum of the objective function is attainable. We form the

Lagrangian function:

L(w,y; M Aoy Ay Ay, Vi, 1) = g(2,y)

A (g p 2t (1= 2)" = (1= gn)(1 = p)y" (1 —y)" " = 0)

o (= p- 2T A=) (1= ) (L= )y (L —y)" T~ 0)
Xz —=1) =X - (y—1D+v,-z+v,-y
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with p € [0,1];{,n € N, 1 —p < ¢, < 1,¢(-) > 0. The Kuhn-Tucker condition for the

above constrained maximization problem yields the following equations and inequalities.

aggxay> . )\1 'pxéflu _ x)nfeq(g _ nx)

T

XA G p- 21— )"l =1 —nx) — Ay F vy =0
dg(z, _ el
D) (1) (=0 = ) )

X (I=gm) - (1=p) -y (A=) (=1 —nz) = Ay +1, =0
A (gmpal—2)" = (1—gu)(1—py(l—y)" " —0)=0
Ao (=G p 2 (1 =2)" T+ (1= g) (1 —p)y (1 —y)" ' —0)=0

s (x—=1)=0
y (y—1)=0
Vy-x =0
vy-y=20

)\17 )\27 )\oca >\y7 Vg, Vy Z 0

solving the equations and inequalities yields z%,, = { %, yip=1and { =n. To

see the latter, notice that ¥¢ < n, both v(¢ — 1,n) and v(¢,n) — 0 as y — 1. Only when
{ =n we have v({,n) = (1 —p)/(p- 2™+ 1 — p) > g, while v({ —1,n) < gp.
Plug x%,, = ¢ %, yi;p = 1 into the sender’s objective function, we have:
Probyp(v = B) =p- (zmp)" + (1 — p) - (ymp)"
(1 =gm) (1 —p)

=p- + (1 — p) = Probpyg(v = B)
qm P

8.3.4 Proof of Proposition 5

Let = m(bla) and y = m(b|3) denote the sender’s choice of the conditional probabilities.
We first show that for all p € [0, 1], public persuasion helps the sender to achieve A(p) as
illustrated in Figure 4. For any given (z,y), let p = 1/(1%;” 72—+ 1). We have the
following three cases:

Case 1: p € [0,p). Since p < p < 1 — g, we have g,, < pu(bla) < p(b[3). This means
at least m receivers vote for B regardless of the signal realization. Thus the sender gets

voting outcome B with probability 1.
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Figure 4: Attainability of the A(p)

Case 2: p € [p,1 — qn). We have p(bla) < gm,it(b|B) > Gm, which means more than
m receivers vote for B on a signal realization b and less than m receivers vote for B on
signal realization a. This yields the sender expected payoffs (1 — p)/qm, which is less
than A(p),Vp € [p,1 — ¢»). However, the sender can increase her payoffs by choosing
7(blar) = w(b|F). In this way the signal realizations become completely uninformative and
the receivers make decision on the common prior. So the sender get the payoff as high
as her expected payoff without persuasion, when the receivers cast votes based on their

common prior.

Case 3: p € [1 — qm, 1]. Without persuasion, the sender’s expected payoff is always 0.
Under public persuasion, however, the sender chooses {7 (:|t) }+cr as shown in Proposition
1. The sender gets

1
PIOprB(U = B) = (1 —p) . q—

which is the value of A(p),Vp € [1 — gm, 1].

From Proposition 4 we know that Probyp(v = B) = (1 — p) - qu‘ Now it remains
to show that the same results holds if the sender is required to generate n correlated,
not independent, public signal realizations. Denote the conditional joint distributions of
the n signal realizations by 7;,§;, where n; represents the probability that the sender’s
persuasion mechanism generates j signal s = b in state «; §; represents the probability

that the mechanism generates j signal s = b in state §. Similar to the proof of Proposition
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4, there exists cut off number of b signals ¢ such that

- (1-p) Z?:Z—l (?) &

B PZ?:@A (?) n; + (1 —p) Z;L:E—l (?) &
(1-p) Z?:e (?)fj >

P O+ -, (g~ ™

v(f,n) =

and the sender’s objective function is

p> (ra-n2 (s

i=t

Solving the maximization and we get Probcrr(v = B) = (1 — p) - qu, the same expected

payoff as Probpyg(v = B).

8.3.5 Proof of Proposition 7

Without loss of generality, we normalize receivers’ utilities over correct decisions to 0:
u;i(A, ) = 0,u;(B, 5) = 0, and utility losses over mistaken decisions to u;(A, 5) = —(1—¢;)

and u;(B,a) = —q;,Vi = 1,...,n. The utilitarian receivers’ welfare function reduces to
W= L3 (q) - Prob(v= Bla)+ -+ 3" ~(1- )+ Problu = AI9)
=—- —q;) - Prob(v = Bla) + — - —(1—¢;) - Prob(v =
n ¢ n ¢

i=1 i=1

First we show that Wpry > Wpyg when the m-th receiver’s threshold doubt g, is sufficiently
small. Notice that under public persuasion, the probability of decision errors equals the

probability that the mechanism generates a signal s = b in state a plus the probability that

the mechanism fails to generate a signal s = bin state 3. Then zpyp = %, Ypug = 1

implies:

) Z(_Qi) P Tpyp T % : Z(_(l —q)) - (1—=p)- (1 —ypys)

n
i=1 m

WPUB =

S|

Under private persuasion, due to multiplicity, the receivers’ error probability depends on
the induced voting profile in equilibrium. If the symmetric voting profile of Class & is

induced, the m receivers with smaller threshold doubts vote informatively upon observing
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s = b, and the rest n — m receivers vote for A uninformatively. Thus there are at most m
votes for B. In state « receivers mistakenly implement B only when all the m informative

voters observe s = b. In state f receivers mistakenly implement A when at least 1 out of

m [ (1=p)-(1=gm)

all the m receivers’ observation is not s = b. Inserting z* = ,y* =1 we have

Wi = =3 (a) p @)+ -1 a) - (=g 3 () (1 g

i=1 m

In this case, we have Wig, = Wpyup. Alternatively, if the voting profiles of Class 2 is
induced, there are more than n — m + 1 receivers vote for A uninformatively. Option B

will not be implemented, which is mistaken if the state is £. In this situation we have

e = LS a0 LYo
= Y- ()

i=1
Therefore, private persuasion yields the receivers’ higher welfare if and only if

Wihrt = Weus

n

e LS g )2 Y (g B )

i=1 i=1 dm

which implies g, < >, ¢;/n. Summarize the two classes of equilibrium outcomes, Wpgy >

Wpug if and only if ¢, < >0 | ¢;/n.

Next we show that Wyp = Wpyp. Plugging x3p, yxp in proposition 4, we get the

probability of the receivers’ making decision mistakes is:

" n -1
Wup = % ’ Z(_Qi) -p- (zvp)" + % ' Z<—(1 —q))-(1—p)- : (ZJMD)]‘(1 - yMD)nij
B % . i(—%‘) : 1= 4n) 1) = Wpus
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8.3.6 Proof of Lemma 3

We follow Duggan and Martinelli’s Duggan and Martinelli [2001] approach in this proof.
Suppose the voting strategy o;(s) described in Lemma 3 is not a best response for receiver
i. Then there is another o) that yields receiver i expected payoff as least as high as the

expected payoff from o;. Specifically, consider two sets

V ={se€0,1]]A(c_,s) <0 and oi(s) < 1}
W ={s€[0,1]|]A(o_i,s) > 0 and o;(s) > 0}

The difference of expected payoffs between strategy o} and o; is

/V(0§ — D(p(=q:) P-i(piv|a)m(s|e) — (1 = p)(=(1 — ¢:)) P-i(piv|5)m(s|5))ds
+ /W 0;(p(=ai) P-i(pivie)m(s|a) — (1 = p)(=(1 — g;)) P-i(piv|B)m(s]8))ds

When s € V,A(0_;,s) < 0 and o, — 1 < 0, so the first term of the integral is negative.
When s € W, A(o_;,s) > 0 and o, > 0, so the second term is also negative. Thus we
get the contradiction, which indicates that the above specified voting strategy o; is a best

response given o_;.

A(o_;, s) is continuous in s. Moreover, Assumption 2 implies that it is strictly decreasing
in s. Thus it follows that there is a unique cutoff signal §; for receiver ¢ which solves
A(o_;,s) = 0 and inf{s € [0,1]|A(0_;,s) < 0} is a well defined. Therefore, o; being the

best response implies that it is equivalent to the cutoff strategy g;.

8.3.7 Proof of Lemma 4

Since A(o_;, s) is continuous in ¢;, so does 5;. Take any two threshold doubts 0 < ¢; <
¢; < 1. We have

Aloi,s) = Poy(pivla) - m(sla) - ¢i - p = Poy(piv]B) - 7(s]B) - (1 = g;) - (1 = p)
A(o_j,5) = P_j(pivla) - w(sla) - q; - p — P_;(piv|B) - w(s|B) - (1 — ¢;) - (1 — p)
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and the following cutoff strategies for ¢ and j, respectively:

1, if s> 3
m<s>:{ LR

0, ifs<sg;
where §; = inf{s € [0, 1]|A(0_;, s) < 0}.

() , ifs>5;
o;\S) =
’ 0, if s < 3

where s; = inf{s € [0,1]|A(0_;,s) < 0}.

Suppose §; = §;. Since A(o_;, s) is continuous in s and ¢, there exists € > 0 such that
at s = §; — €, A(o_;,s) > 0, so receiver i will vote for B with probability 0. However,
s=8§ —e=35; —eand ¢; < ¢ implies A(o_;,s) < 0, which indicates that receiver j is not

willing to vote for A. The cutoff strategy o;(s) is not a best response. A contradiction.

Now suppose §; > §;. Take s € [§;, §;). Since s > §;, we have A(o_;, s) < 0, so receiver
i is willing to vote for B with probability 1. Moreover, s < §; implies A(o_;, s) > 0, which
means receiver j will vote for A. Nonetheless, ¢; < ¢; implies A(o_;,s) < A(o_;,s) <0,
which indicates receiver j is not willing to vote for A. A contradiction. Thus the first part

of the lemma follows.

For the second part of the lemma, notice that for each receiver i, §; = inf{s €
0,1]]A(0—;,s) < 0}. Expand the inequality A(o_;, s) < 0, we have:

(5) —Cslodp() 1= os(s)) —IOPO) o0y i
T 1Z¢M JEM(/ Zt’eT”(SW) (" gM];éz/( i(s) Zt’eT”(SW) (") Nm(sla) - qi - p
o TEBRE) T
: |M|zmz_1,ieM(jgf(/o O i) ™) 11 ([0 DS a1 =) (=)

JEM,j#i

Denote the ratio of the probability densities as r = (S| B) As r increases, the LHS of the
inequality increases while the RHS decreases or remain unchanged. In both cases, for some
s € [8i, 1], A(o_;,s) > 0. Continuity implies that such s's either satisfy s € [s;, 5; + 1] or
satisfy s € [1 — 9, 1]. Suppose for s € [1 — 1, 1] we have A(o_;,s) > 0. But this contradicts
the definition of a cutoff strategy. Thus for s € [s;, ;+n] the value of A(o_;, s) are positive.

Hence the value of inf{s € [0, 1]|A(0_;, s) < 0} increases.
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8.3.8 Proof of Corollary 8

Under public persuasion, the sender chooses a set of conditional distributions (7 (s|a), 7(s|3))

over S = [0, 1] to maximize the probability that s > s,,:

max -P(s>s,la)+ (1 —p)-P(s> s,
(o B g P 7 Pl 2 Smla) + (1= p) - 18)

The receivers’ posterior belief after observing a signal realization s > s, is:
(1—p)-P(s > sm|B)

p-P(s 2 spla) + (1 =p) - Ps = su5)
(1—p)- [ w(s|B)ds

p- fsl;n m(s|a)ds + (1 —p) - fsl;n 7(s|B)ds

p(Bls = sm) =

Having at least m receivers voting for B upon observing s > s, requires u(8ls > $,,) >

Gm- Thus the sender’s expected utility is maximized when the conditional distributions
(7m(s|a), m(s]5)) satisfy:

1 1

(1=p) (1 —qpn) - / 7(s|B)ds > p - qm - / m(s|a)ds

Sm Sm

and EUS = p. 1=2Uzam) 4 (1 _ p)y — A(p),Vp € [0,1].

pqm
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